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MYP Mathematics 1: a new type of math textbook...

This is not your average math textbook. Whereas most textbooks present
information (kind of like a lecture on paper), which you then practice and
apply, this text will help you develop into a mathematician. Following the
MYP philosophy, you will perform investigations where you will discover
and formulate mathematical rules, algorithms and procedures. In fact, you
will generate the mathematical concepts yourself, before practicing and
applying them. Much like an MYP classroom, this text is supposed to be an
active resource, where you learn mathematics by doing mathematics. You
will then reflect on your learning and discuss your thoughts with your peers,
thereby allowing you to deepen your understanding. You are part of a new
generation of math student, who not only understands how to do math, but
what it means to be a mathematician.

How to use this book

MYP Mathematics 1 is designed around six global contexts. They are:
 identities and relationships

* orientation in space and time

« personal and cultural expression

 scientific and technical innovation ,

 globalization and sustainability Each unit in this book
explores a single global
context. However, a
different global context
could have been selected
as a focus of study. What

 fairness and development

‘ ’I‘ Orientation in space and time

H Urban planning in ancient civilizations
Perlmeter! area We can study the great ancient civilizations through what would the Study of this
an d Vv Oll.l me remains of their architecture and the products that they
ted. The Ancient Egypt d Chi duced . .
impressive siructures tat can be analyzed by ooking at content look like in a

the space they occupy and shapes chosen. Whether it's an

obelisk covered in ancient writing or the Great Wall of China, d iffe rent Context? Th e

looking at perimeter, area and volume can help us understand
the magnitude of a project and give important insight into the

In this unit, you will see that being able to define and calculate civilization that created it cha pter opener g ives you

_the_ amount of space ta\_<e_n up by an object is an important step .

e e e e s oy s just a small taste of the

understanding a wide range of other global contexts. Il

s endless possibilities that

exist, encouraging you to
explore and discover these

options on your own.

Fairness and development

Questions of power and privilege

How much space does a human being need in order to live? Why do some people have
s0 much space while others have so much less? Perimeter, area and volume can be
used to analyze housing settlements around the world, and to illustrate the stark
differences between those who have power and privilege and those who do not.

At the same time, it has been said that less than 5% of the world's population uses at
least 25% of its natural resources. What problems might this pose?

Calculating the volume of resources that are available and the extent of the damage
caused to the planet in obtaining them can help to further demonstrate the inequality.

The Rama empire existed in what is now Pakistan and India. The empire was
s0 advanced that its cities, including Mohenjo-daro, were carefully planned
before their construction. The use of rectangular structures for the city grid
and the housing predates evidence of the basic principles of geometry. More
impressive still is the fact that the sewage system they developed was more
sophisticated than those found in many cities today!




Topic opening page

Key concept for

The Approaches to Learning
(ATL) skills developed

You should
already know

the unit.

The identified

Civilizations and human interactions
Global context

throughout the unit. how to: - these
are skills that
will be applied
in the unit which
= you should

already have an

I\

understanding

is explored
throughout the
unit through the
presentation of
material, examples
and practice
problems.

Related concepts: Representation and Systems
n W

H&Hm

Statement of
Inquiry for the
unit. You may wish
to write your own.

Objectives - the
mathematics

covered in the unit.

Inquiry questions - the
factual, conceptual and
debateable questions
explored in the unit.

of. You may want
to practice these
skills before you
begin the unit.

The related
concepts explored
in the unit. You
may want to see

if other related
concepts could be
added to this list.

Learning features

Investigations are inquiry-based activities for you to work
on individually, in pairs or in small groups. Itis here that
you will discover the mathematical skills, procedures and
concepts that are the focus of the unit of study.

Activities allow you to engage with mathematical
content and ideas without necessarily discovering
concepts. They allow you to practice or extend

what you have learned, often in a very active way.

O Investigation 2 - Divisibility rules atey,
You will be developing these rules for multiples of 2 to 10 (except 71 o 6
10O th rule for of 2, B| c

& Write down some small numbers up to three digits) that are multiples of 2
and study the numbers to find a pattem.
b Describe these patterns and generalize the divisibility rule for 2
€ Tast your rule with larger numbers (four digits and five digits) ta see it holds
2 thy rules for of 5 and 10.
& Write down same small numisers that are multiples of 5, Study the numbaers, find
a pattarn and genaralize your rule. Be sure to test it for larger numbsers.
b Repeat for multiples of 10,
1 Determine the divisibility rules for multiples of 4 and 8.
& Write down all of the two-digit numbers that are divisible by 4 Now Select soine
latger numbers that are divisble by 4. What do you notice about your lsts of two-
diigit and larger mumbsers?
b Repeat thase steps for multiples of 8
4 Determine the divisibility rules for multiples of 3and 3. ‘With 4b, you may
& Write down same small numbers lup 1o theee digits) that ars multiples  112ve ta look for
of 1 Study the numbsers, fid a pattern and generalize your rule. other patterns,
Bee surg to (et (U for larger numbers, such 25 adding
digits together,
b Repeat this procedure for multipies of 9,
5 h bility rules for multiples of 6.
Write down somée emall numbers (Up to three digits) that are multiples
of & Study the numbers, find a pattern and generslize your rule. Be suse  For question
1o test It for largert numbsers. 5, you may
& Once you have determined all of the divisibility rules, make a reference Want to look at
chart with them all on one page 5o you can readily access them during  Sombinations of
this unit other rules.

Activity 3 - Euclid’s method \

Find the GCF of each pair of numbers using both the ladder method
and Euclid’s method.

a 72and 180
d 360 and 1024

b 24 and 132
e 256 and 1600

¢ 104 and 1200
f 480and 2040

In question 3,
be sure to justify
your answers.

Hints are given to clarify instructions and
ideas or to identify helpful information.




Example 12

@ The eastbound bus leaves the depot once every 18 minutes.
The westbound bus leaves once every 30 minutes. If the first bus
on each line leaves at 3 pm, what time will it be when they again
leave at the same time?

/.y What are you being asked to find? You are trying to determine when they will next

leave at the same time - so you are finding a

18:18,36,54,72,90,108 larger number than both - so find the LCM.
Examples show a clear solution | 30:30,60,90,120 |
i Find the LCM using your preferred method.
and explain the method. The LCM s 90. lgy p
Since the buses will leave the depot at the same Look at what the question is asking to
time every 90 minutes, the next time they do so make sure you fully answer the question.
will be at 4:30 pm. J

Reflect and discuss boxes contain opportunities
for small group or whole class reflection on the

content being learned.

Reflect and discuss 13  Practice 9
1 Ewvaluaie each of these calculations using the correct onder of opermtions.
Use the 3P strategy as you answer the following questions in pairs or afr6x2 b ':‘:J"‘-a C(F-45-2)
conell gran s, d3F-11)e3x2 -4 o5« (5-d4x2)x7-i00
e Which comes first, multiplication or division? Explain. g SBed)-228-2 g 485 (@ - 4% 2)%6-6
e Try to create an acronym or a simple way to remember the order of =~ = ! Fied) ; N9 4]+ 63 3]
operations. h? h:'1:.3‘4 1542 -NF 4 -7 B 4-[30-2)-10+7]
2 Replace each || with an operanon to make the statement true
al+1503=6 b {180 +10=2 € 1503+205=13
3 Inscrr brackets where appropriate to make each true.
a18-6x3+2=38 BH+4e242=3 €5+ 3x6-10=38
. . . . d1608+404=3 e 208-504=1 fix(3+D)06=9
Practice questlons are written using IBcommand terms. & Chistige ¥t e Dpiers it b s staheximent by sk o Tk
You can practice the skills learned and apply them to a7x3sdxs=1  B(2-6x3+10=5=4 ¢ U-(10-6)+2x5=16
unfamiliar problems. Answers for these questions are el g R R R

§ The game ‘24" is a number game where players are given four numbers and must use

included at the back of the book. them 1o create an expression that equals 24. Players can use any of the pperations

(+, = %, +) as well as exponents and parentheses, For each group of four numbers
listed below, write down an expression that equals 24 using eacl eumher once,

l 1,578 b37.88 ¢2,3610 d7,610,12 #2669

Weblinks present opportunities to
practice or consolidate what you are
learning online or to learn more about a

concept. While these are not mandatory
activities, they are often a fun way to

axers,
& >

Thie Lakols are & tribe of Indigenous peopde that live in the northem plaing
of North America. The patterns they use In textBes and boadwork represent

B\

9 their tribal identity as well as family values. The Lakota Star, pictured here,
master skills and concepts. MR el ich & S
| 1 Dewnload snd print & copy of the Lakots Star
inat necessarly in colour),
For practice with estimating fractions and decimals graphically, 2 On your copy, cheady Indicat the geometric elements
y i d h for ‘Battleship N i fisted below. Be sure to name them appropriately and
go to brainpop.com and search for ‘Battleship Numberline'. icate sy Haepcined toints on S AR THy 65 e e

samo points as often as possible so o to limit the
number of markings on the copy. For the acute and
obtuse angles, use a protracior to find their measure.

4poinis 2 pairs of supplemantary angles

4ripn 2 pain of complementary angles

Formative assessments help you to figure out how well
you are learning content. These assessments explore

the global context and are a great way to prepare for the
summative assessment.

alines 4 pairs of vertically opposite angles

4|ine seg 2pain of © fing anghes
& acute anglet 2 pairs of alternate Interior anghes

7 pairs of paralled fines 4rightangles 4 obtuse angles

3 Justify yolir decisions for sach of the pairs of angles. Use &
dlagram to support your explanations




Technology icon indicates where r
you can discover new ideas through J’—_/
examining a wider range of examples,
or access complex ideas without having

ATL icons highlight opportunities to
develop the ATL skills identified on the
topic opening page.

to do lots of painstaking work by hand.
This icon shows where you could use
Graphical Display Calculators (GDC),
Dynamic Geometry Software (DGS) or
Computer Algebra Systems (CAS).

Each unit ends with

Indicates a challenging question that will push
you to extend and apply what you have learned.

[ ;
Unit th
nit summary recaps the T ————
k . . d d I system. We use a place value system based on the number 10. The
units place and the decimal point form the center of the place value.
ey points, ideas and rules/ ot To deciml shen st upof i (antn
. thousandths, millions, millionths, ctc.) Each place value family
fO rmu I as f rom t h e un |t has three members: units (or ones), tens, and hundreds.
o
AXerjy
&
To write whole numbers from words:
1 Determine the place value name with the greatest value given
in the number. This tells you how many places you need.
2 Draw a blank (a dash) for every place you will need, one Key to Unit review question levels:
digit.
ke Level12 (Level3d Levelss  Level?-s —
3 Fill in the blanks with the digits needed. Use zeros as such as 1047,
LS ) Write down these numbersin words iy
To read decimal numbers: & 32560042 b 17.08 € 1743.14 d2.718 and forty seven”
I Ignoring the decimal point, read the decimal number part while others say
like 2 whole number. 2! Represent these written descriptions as numbers using digits. “one thousand
o ey
2 At the end of the number, say the place name of the last digit. & ten thousand four hundred fifty-five (‘;”‘jy:jfhmk
N —— b (wmh:y n(;ntd and (h:r[})‘/—twa l:ous:nd::s e, | Sy
ot o gt o e « one hundred niney-thousand six hundred forty-fve millonths | shesecoe
d eighteen thousandths VT
This tells you how many places there should be in the number. gl e aE
D S S 13} Represent these numbers in words and in both expanded forms.
If necessary, put zeros in as place holders. a A blockbuster film made €15 342807 over a single weekend.
b At its furthest, the moon is 405696.7 km from the Earth.
Expaidedhotation © The length of an eyelash mite is 0.1375 mm,
Exannles d In 2013, the population of India was 1252706 114 people.
352.87= 300 +[50+2+0.8+0.07 & The width of a Siberian Husky's hair is 0.000025 m.
or ) Represent these numbers in both expanded forms
352.87= (3% 100) + (5% 10) + (2 x 1) + (8% 0.1) + (7 x 0.01) & 1275 b 203.6 © 12004.205 d 3.0019
5/ Write down the given number from its expanded form.
500+ 10+ 8+0.02+0.001
. b (3 10000) + (6 x 100) + (2 x 10) + (7 x 0.01)
€ 9000 + 10+ 0.01 +0.008
d (4 100 000) + (6 x 1000) + (2 x 10) + (3 x 0.01)
16 Represent cach given number in two other forms.
3823104 b (4x1000)+ (3 10)+ (5% 0.1) + (4 x 0.001)
. . . . . . © 8000+ 800 +0.7+0.008 +0.00002  d 1400.12
Unit review allows you to practice the skills and concepts in the unit, L——
g b 12 <6 d 13
organized by level (criterion A) as you might find on a test or exam. L H el ey

based on how well you are able to answer the questions at each level.
Answers for these questions are included at the back of the book.

e,
S

[%1 How much are we influenced by the past?

You willbe exploring number systems of ifferent ancient

civilizations. In groups specified by your teacher, you will choose

one of the following civilizations and complete some research

on their number system. You will then explain the basics of that

number systern to the class

Mayan. Babylonian Roman Greek

Egyptian Chinese. Sumerian
1 Before beginning this task, as a class you will prepare a timeline

of the history of world math systems. Each group will share
with the class when their civilization's number system was
created. As a class, you will determine the intervals of your
timeline until the present day, and label your civilization on the
timeline. This will help give you an overview of mathematics
throughout time as you complete your Summative task.

2 Asa group, you will prepare a short instructional video
between two and five minutes in length, using an app like
Explain Everything or Show Me, or a method suggested
by your teacher. Your video will include all of the relevant
information about your number system.

a What is the history of your number system?

* When was it created?
= Where was it created? (Include geographic reference.)

The summative assessment task applies
the mathematics learned in the unit to
further explore the global context. This task
is often assessed with criteria C and D.

= What was it used for?
« If not used today, when did it stop being used?
b What are the basics of your number system?
+ How does it work?
= What was it used for?
* What types of symbols are used and do they have specific
meaning/values?
Are there any patterns evident in your number system?

* What kind of mathematical operations were used?
* Does your number system use place value?




Numbers are an important part of everyday life. As you will
discover in this unit, the systems that we use to represent
numbers have developed over time as a response to human
interactions. However, exploring numbers and number systems
through a different context could open up worlds that are
more personal or which push the boundaries of science and
technology.

l& Identities & relationships

What it means to be a teenager

To understand what it means to be a
teenager requires the ability to use
numbers and number systems. From the
number of 'posts' to 'likes' to followers',
today's teenagers are used to seeing and
understanding a much wider range of
numbers than ever before.

At the same time, the anatomy and
chemistry of the adolescent brain is a
study in small and large amounts. There
are approximately 100 billion neurons in
the brain, varying in size from 0.004 mm
to 0.1 mm. The teenage brain undergoes
both “pruning” and growth, where links
between neurons are “pruned” depending
on how often they are used, or where
more neural pathways are formed.




"b Scientific & technical innovation

Ingenuity and progress

Throughout the centuries, humans have
continuously innovated to produce more
precise and more powerful tools. Amazingly,
this ingenuity involves both very large and very
small quantities and measures.

Very small...

Scientists have developed atomic clocks so
precise that, after 15 billion years, they will not
have lost or gained a single second. Before that,
the most precise clocks lost up to 0.0000000033
seconds per year.

Very large...

The Large Hadron Collider is the single largest machine in the world, housed in the
CERN research headquarters in Geneva, Switzerland.

It is used to force particles to collide with one another as they travel at close to the
speed of light (299 792 458 m/s).

The mass of each particle is so small that, to write it in grams would require 23 zeros
after the decimal point, before writing the first non-zero number!




KEY CONCEPT: FORM

Numbers and number systems
Civilizations and human interactions

Related concepts: Representation and Systems

Global context

In this unit you will discover a range of number systems that have arisen
as civilizations evolve and humans interact, which will help you explore
the global context of orientation in space and time. By learning about
numbers, their properties, and how to perform operations with them,
you will realize how important numbers have been throughout history.

Statement of Inquiry

Different systems and forms of representation
develop as civilizations evolve and humans interact.

Objectives

« Researching, representing and comparing
number systems

« Reading, writing, simplifying and converting
between different forms of numbers

« Simplifying numerical expressions using the
order of operations

« Using appropriate forms of rounding to
estimate results
« Defining and using the divisibility rules

© Representing a number as an exponent,
a square root, and as a product of its prime
factors, in order to solve problems

Inquiry questions

F
C

D,

What is a number?

What is a number system?

How are the ways we represent
quantities related?

How does the way we represent
something affect its usefulness?

How much are we influenced by the
events of the past?



NUMBER ,

Collaboration skills Information literacy skills

Listen actively to other perspectives Present information in a variety of
and ideas formats and platforms

You should already know how to:

identify the place value of specific digits write numbers in expanded form

in numbers multiply and divide
write numbers in numeric forms and also
in words




When did humans first use numbers? What did they use them for?
Do animals use numbers? These are all questions that may never
be answered definitively, but the discovery of the Ishango bone

in 1960 in what is now the Democratic Republic of Congo is
evidence that humans first developed a mathematical system
more than 20000 years ago. The bone is the fibula of a baboon
with groupings of notches cut into it that could represent counting
or perhaps even something more advanced. Some scientists
believe it shows mathematical succession and can be thought of
as a prehistoric calculator of sorts.

Cave paintings found in Lascaux, France, seem to demonstrate
early humans’ ability to distinguish between one animal and
many animals. Although they did not have a system of numbers,
they were able to communicate the idea of ‘how many’.

There 1s evidence that, in approximately 4000 Bc, the Sumerians
used numbers and counting. As one of the earliest civilizations,
the Sumerians grew crops, raised livestock and even traded

and acquired goods. As civilizations grew and became more
complex, the need also grew for a number system that could
handle tasks that required counting and performing operations
with numbers.



NUMBER

Reflect and discuss 1

In this unit, you will use the ‘Pay attention, pause and paraphrase’ (3P)
strategy to build active listening skills. In this exercise, the emphasis is
on paying attention. For each question below, have one person answer
while everyone else simply listens. When others have their turn, they
must add something new to the discussion rather than repeating what
has already been said (‘additive, not repetitive’).

e Why do you think the Sumerians needed numbers? Explain.

e What evidence might have been found to support the idea that the
Sumerians counted or used numbers?

e What evidence could there be to support the idea that some
animals seem to have the ability to count?

Representing quantities

Activity 1 - The importance of a number system

Today you will go back in history, to a time when people did
not speak English or any other modern language, and our
current number system did not exist. You can do this activity
in or outside of class. You will be in a group of four, and each
group will be a family. One at a time, you will leave a message
to the rest of your family telling them about the number of wild
animals that you saw one day. (In North America, for example,
that could include buffalo. In South America, it might be alpaca.)

One by one, with the rest of your family looking away, you will create a message for your family
based on one of the scenarios below. You cannot use letters or words, nor can you use any

of our current numbers. However, you can use any object(s) you see to help you. Once your
message is ready, let your family look at it and try to guess what it represents. Once they have
guessed correctly, the next person will leave their message.

Person 3 Person 4

Pick a number between 200 and Pick a number between 1500 and

500 and represent that as the 2000 and represent that as the
number of animals you saw. number of animals you saw.




Reflect and discuss 2

You will again use the ‘Pay attention, pause and paraphrase’ (3P) strategy
to build active listening skills. In this exercise, the emphasis is on pausing.
For each question, have one person answer while everyone else simply
listens. There must be a three-second pause before the next person
speaks. Again, subsequent speakers’ contributions must be additive, not
repetitive.

e How did you figure
out what was being
communicated?

e Which person used a
system that was the most
effective? Explain.

e How did the system
change so that large
numbers could be
represented?

e What is our number
system based on? In
other words, how do we
group things? Why do
you think we do this?

Did you know...?

In many parts of the ancient world, clay tokens were
used to keep track of items (jars of oil, amounts

of grain, etc.) since there was no written number
system. Some tokens represented groups of items
while others represented single items. Because of
this, humans now had a basic way of accounting
and recording transactions. Of course, they would
eventually require a more sophisticated way to store
information.
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The number system that we currently use in mathematics is the
decimal number system. Our number system is based on the number
10. In Greek, dec means 10, hence the word decimal. We use a
place value system based on the number 10. Numbers are a way
of representing an amount of something — a quantity — so it is
important to be able to use our number system correctly and
accurately.

The units place and the decimal point form the center of the
place value system. The decimal system is made up of families
(thousands, thousandths, millions, millionths, and so on), shown
in bold in the following diagram.

Each place value family has three members:

e the units (or ones)
e the tens
e the hundreds.

Each family is separated by a space.

When reading a number you say the family name at the end of

each family.
Example 1
@ Read out the number 2374 158 in words. W
.Y Two million, three hundred seventy-four thousand, The family names are shown in bold.
one hundred fifty-eight )

To read decimal numbers:
e Ignoring the decimal point, read the decimal number part
like a whole number.

e At the end of the number, say the place value family name of
the last digit.



Example 2

)

Three decimal places puts this number

J.Y Three hundred and twenty-five thousandths into the tho;sandths place value family.

@ Read out the number 0.325 in words.

To write whole numbers from words:
e Determine the place value name with the greatest value given
in the number. This tells you how many places you need.
e Put as many blanks as there are places in the number.

e Fill in the blanks with the digits needed; use zeros as
place holders.

Example 3

@ Represent the number four hundred seventy-two million
thirty thousand and sixteen using digits.

A

— - - — — = — = = Thegreatest place value family is the millions, so you will need at most 9 digits.
|

Grouping digits by place value family name can
help with large numbers. Fill blanks with zeros.

J

472 _30 _16

The numberis 472 030016

To write decimal numbers from words:
e Determine the place name of the last digit of the number.
This tells you how many places there should be in the number.

e Fill in the spaces so that the number reads correctly.
If necessary, put zeros in as place holders.

Example 4
@ Represent twenty-five thousandths using digits. W
'y 0. The place value name family is thousandths so there are three places after the decimal.
0.025 The first digit in the nurr|1ber is 0 as a place holder.

J




The decimal system makes it easy to represent numbers in different
forms. Because each numeral has a specific value based on its place
in the number, you can expand a number in several ways:

164.34=100+60+4+ 0.3 +0.04
or

164.34 = (1 x 100) + (6 x 10) + (4 x 1) + (3 x 0.1) + (4 x 0.01)

Did you know...?

In the 6th and 7th centuries 8¢, Indian

cosmologists needed to be able to Hindu ol [R|3|¥|U]|&]|9|]R
represent large numbers, such as the
age of the universe, so they used a Arabic Yy lvlslolalVIAlS

set of ten symbols. This system was
introduced to Arab mathematicians

who would later introduce the system | Medieval OfT[2f3|R|9]6]|4[8]9
to Europe. This is the origin of the
Hindu-Arabic number system and the | Modern alilz2lsl4l516171819

decimal system we use today.

. Practice 1

1 Read out these numbers in words.

a 401302059677 b 496812.03 c 0.0243
d 0.08570062 e 302.005 f 1.023
g 23407.6 h 2001.295 i 900090090

2 Represent the following numbers using digits.

Eight hundred twenty-seven thousand ninety-six Fifty thousand eight

Two hundred seventy-five thousand sixty-nine and ten millionths Fourteen and six hundredths

Sixteen million eight hundred thousand six and seven ten thousandths

Five thousand and four tenths Two and seven hundredths Twelve thousandths

Continued on next page



3 Represent these amounts in words and in both expanded forms.

a A house costs $640 700.
In part 3d, you

b At its closest, the distance from the Earth to the moon is don’t need to
363105.021 km. represent the
. . . year 2017. Also,
¢ The diameter of a grain of sand is 0.0625 mm. putting it in
d At some time in 2017, the estimated global population was expanded form
7492115 325 people. would not serve
much purpose.
e The width of a human hair is about 0.0018 cm. Or would it?

4 Represent these numbers in both expanded forms.
a 385.901 b 6407.83 c 367981.02 d 1467390.932
e 1003.2 f 12.5007 g 4.009 h 0.0104
5 Write each number from its expanded form.
a200+50+2+0.4+0.07 b (4x1000)+ (3x100)+(8x10)+(1x0.1)
c 3000+ 70 + 3 + 0.005 d (2x10000)+ (5% 100) + (7x 1)+ (9 x 0.0001)
e 40+ 0.8+ 100 + 30000 f (6 x1000000)+ (6 x 1000) + (6 x 1)
6 Represent each number in two other forms.
a 17234.01
b (3x100)+@x1)+(7x0.1)+(5x0.01)
¢ 2000 + 10 + 0.02 + 0.004 + 0.00005
d 600.08
e (2x1000)+(5x10)+(3x0.01)
f (6x10000)+ (8x100)+ 8+ (7x0.1)+(5x0.001)

Many decimal numbers end (or terminate), like the ones you
have seen so far. There are others that never terminate and repeat
themselves indefinitely. There are also decimal numbers that
never terminate and never repeat themselves. In the next activity,
you will research one of the more famous of these numbers: pi.



Activity 2 - Pi quest

In this activity, you will research the number pi and create a
presentation (using software such as Prezi, Powerpoint, etc.) that
includes the following information.

1 Piis what kind of number? Write a brief definition for this kind of
number.

2 What is the symbol that we use for pi? In which year was pi assigned
this symbol, and who first used it?

What fraction is often used to approximate the value of pi? To how
many decimal places is it a good approximation?

How many digits of pi have been discovered? Go to mypiday.com
and enter your birthdate to find where your birthday occurs in the
decimal representation of pi.

5 What day of the year is Pi Day? Why has this date been chosen?

Write one interesting fact that you have discovered about pi in your
research, and discuss why you think it is interesting.

The Greek mathematician Archimedes (c 287 — ¢ 212 Bc) constructed
a method for approximating the value of pi. Complete the
‘Computing Pi’ exploration on the NCTM llluminations website to
see how he did this. What fraction is known as the Archimedean
value? Why? How did Archimedes use it?

8 Archimedes was not the first person to recognize pi. Research three
ancient civilizations that used working approximations of pi and
explain how they used it.

Other forms used to represent quantities
Base-10 and base-60

Our system is base-10. There can be any one of 9 digits in any
place value column. Once you go over 9, you need to start a new
column. So our place value columns are 1, 10, 100, etc.

Ancient Babylonians used a base-60 system. The first digit is the
‘ones’ digit, as in our system, and it can be any number from

0 to 59. Once you go over 59, you need to start a new column.
This means that the next column i1s the ‘60’ digit and indicates
how many 60s are required to write the number. Because base-

60 numbers can be difficult to read, the digits are often separated

from one another, for example: 2 15.

Could it really be
possible that
somewhere within
the digits of pi
every possible
birthdate can be
found? What do
you think?

When the letter
c is given before
a date, it means
the exact date is
unknown. The ¢
stands for circa,
which is Latin for
around or about.



Example 5

@ a Represent the base-10 number 68 in base-60.
b Represent the base-60 number2 14 in base-10.

)y a 68+60=1 remainder 8 Divide the number by 60. As long as the quotient
68=1 8 is less than 60, place it in the second column and
place the remainder in the ones or units column.
b2 14 [
2x60=120

The number in the second column is the number of 60s.
14%1=14 The number in the first column is the number of 1s.
The total of this is the value of the number in base-10.

2 14=134 J
o

Did you know...?

The Ba.bylopi.a'n ci’viliz'ation replaced'the ' Sometncumstom Y _g
Sumerian civilization in Mesopotamia. While e

their base-60 system would seem to be more i
complicated than our base-10 system, they N-2 -3 V-4
wrote their numbers in cuneiform, which only Ly

-5 YYY _ m_ 7
had two symbols! R \
Yy YYY
%8s W9 (1

Reflect and discuss 3

In this exercise, the emphasis is on paraphrasing. For each question,
have one person answer while everyone else simply listens. When
others have their turn, they must paraphrase what the previous
speaker said before adding something new to the conversation.
There must be a three-second pause between speakers.

e Why do you think the base-60 number system was appealing
to ancient Babylonians?

e How is their system similar to ours?

e Can you think of where you use a system based on the
number 60?

e Why should you have an understanding of how the base-60
number system works?



Braille

The symbols in this section are numbers in Braille, which

1s a system of raised dots that can be ‘read’ with fingers by
people who are blind or have reduced vision. Each symbol
can be recognized by its position and the number of dots
within a braille cell, which is two parallel vertical columns
each having 0, 1, 2 or 3 dots in it. Braille is not a language in
its own right, but rather a code which can be written or read
in many languages around the world.

This is the symbol for the word
number. It appears before every
number that is written so that
when people read Braille they
know that a number comes next.

Numbers in Braille each have their own representation, which
happen to match the first ten letters of the English alphabet.

The number symbol placed in front of other symbols lets the reader
know to interpret what follows as numbers instead of letters.

Here are the Braille symbols for the letters a to j:
T

When preceded by the number symbol, these same ten symbols
represent the ten digits:

LA T
Therefore:
EDED = hide This is the Braille symbol P Egrjgrsa;::vin

for the decimal point. around the
BEBED — 8945 ® symbols shown

here do not
Writing numbers in Braille requires putting the symbols for the actually feature in
digits in order. Braille. They are

shown here only

@DE =37 BBEB =248 @BDHBE _5103 | 'osepanatethe

symbols from one
another.
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€
pe

Writing expressions with numbers requires placing the following
symbols between the values:

P = XK e S
el L) TR T

For example, 2 + 3 =5 is written as:

EJEREEETR

Note that the Braille symbol for ‘number’ precedes each of the
three numbers in the statement.

Reflect and discuss 4

e How difficult do you think it would be to learn Braille?

e How long do you think it would take you to read and write Braille
without eyesight?

e Do you think it is important that you have a basic understanding
of how Braille works?

Did you know...%?

Louis Braille lived in the 1800s in France. : i ’ : %
When he was young, he had an eye injury A AN Lo BRALLE mmmwm
that got infected and left him blind in both . ; - '
eyes. Unable to read conventional books,
he invented a system of raised letters and
numbers that have allowed blind people all
over the world to read. Braille symbols have
been created for every known language.

. Practice 2
1 Represent these base-10 numbers in base-60.
a 63 b 182 c 147 d 79
e 100 f 85 g 120 h 219

Continued on next page



2 Represent these base-60 numbers in base-10.
a3 2 b4 17 c5 23 dl 14
e2 10 f 3 00 g 10 10 h 12 03

3 Write down five base-10 numbers and five base-60 numbers. Then challenge a partner
to convert them.

4 Represent these numbers in Braille.
al7 b 302 c 422 d 1705
e 981 f 2006 g 31.45 h 0.17

5 Convert these Braille numbers to decimal form.

g P O e S g 5
g P 0 5 5 5 O

6 Represent these Braille numbers in base-60.

g R G R i

7 The following two Braille lines are equations. Write them in decimal form.

g G R
g O 0 R P e

8 Find the value of the following expressions. Write your answer in Braille.

HEEERE
L g
EHECERES
SN HAE N
L R
JEaoErriy




Powers / indices

Powers or indices are a convenient form to use when writing a
specific kind of quantity. Indices tell you how many times to
multiply a number by itself. For example:

6’=6x6=236

The number 6 is called the base while the number 2 is called the
index (or the power). The number 62 can be read as ‘6 raised to the
power 2’. This number is also referred to as ‘a power of 6’.

When the power is 2, the base is often referred to as being squared,
so 62 is often read as ‘six squared’. Likewise, when the power is 3,
the term is cubed. Below is a representation of ‘two cubed’.

2=2%x2%x2=8
Roots

The opposite of powers are roots. If 6> = 36, then the square root of
36 is 6. The square root symbol is+/ , so we write it as J36 = 6.

Numbers whose square roots are whole numbers are called
perfect squares.

Although square roots are the most common type of root, we can
also work with cube roots, fourth roots, fifth roots, etc. When you

have a square root, you ask yourself, “‘What number multiplied by
itself will equal the number under the root sign?” When you have

a higher root, you are looking for the number that is multiplied by
itself that many times. So, a fourth root (e.g. #16) involves finding
the number that is multiplied by itself four times to give the number
under the root.

To denote a root that is not a square root we make a small
modification to the symbol, for example: Y and &

i/geS=2><2><2

Therefore 3/8 = 2

Another word
that is used to
describe the
index or power
is exponent. You
will often hear
these terms used
interchangeably.
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. Practice 3

1 List the perfect squares up to 225. (They are good to remember so that you can
calculate square roots quickly.)

2 Express each number without indices.
a 42 b 112 c 4 d 72
e 10° f 5 g 2 h 3¢
3 Evaluate these square roots.

a /9 b /81 c 100 d /324
e /6400 f 225 g /2500 h /42

4 Evaluate the following roots.
a ¥27 b 3125 c {16 d V1

5 Find the square roots of these Braille numbers.

g il 5 R ¥ i

Classifying numbers
Factors, multiples and prime numbers

A multiple 1s a number that can be divided by another number
exactly (no remainder). A factor is a number that divides exactly
into another number. For example, 4 is a factor of 12 and likewise
12 is a multiple of 4.

A prime number has only two factors: 1 and itself. Hence, 5 is a
prime number since its only factors are 1 and 5. The number 6 1s
not prime since it has more than two factors: 1, 2, 3 and 6.

Did you know...?

‘The sieve of Eratosthenes’ is a simple,

ancient algorithm (mathematical procedure).
Eratosthenes was a Greek scientist who devised
an algorithm to filter out all of the prime
numbers up to any given number. A sieve is

a tool used to strain unwanted material from
desired material, such as straining solids from
liquids. In Eratosthenes’ sieve, prime numbers
are the desired material.




O Investigation 1 - The sieve of Eratosthenes QYEr l'%
o
In this investigation you will determine what Eratosthenes’ algorithm does. B

23 (4|5|6|7|8]|9]10

11 (12 (13|14 |15(16 |17 |18 |19 |20

2112223124 |25 (26|27 |28 |29 |30

31 (32(33|34(35[36|37 38|39 |40

41|42 |43 |44 |45 |46 |47 |48 |49 | 50

51 52|53 |54 |55 |56 |57 |58 |59 |60

61 62 |63 |64 |65|66 |67 |68 |69 |70

7172173 |74 |75 |76 |77 |78 |79 | 80

8182|8384 |85|86|87 |88 |89 |90

91 192|193 (94 95|96 |97 |98 |99 [100

You will need 4 colors (preferably highlighters) to do this investigation.
Start with a grid of numbers from 2 to 100, like the one shown here.

1 The first number in the list is 2, but do not highlight the 2. Highlight every
2nd number in the grid after 2 (all the multiples of 2).

2 At this point, the lowest number not yet highlighted is 3. Do not highlight the
3, but highlight every 3rd number in the grid after 3 (all the multiples of 3).

3 The next lowest number not yet highlighted is 5, so highlight all the multiples
of 5.

4 Now the next lowest number not yet highlighted is 7, so highlight all the
multiples of 7.

5 Take alook at all of the numbers that are not highlighted. Describe the
pattern of these numbers. What kind of numbers are they?

Reflect and discuss 5

& Use the 3P strategy as you answer the following questions in pairs or

small groups.
Pairs
e Why is 1 not on the grid?

e Why s 1 not a prime number?

e Do you think the sieve of Eratosthenes is an efficient way to find
all the prime numbers? Explain.



Factors and divisibility

A factor 1s a number that divides exactly into another number.

For example, 3 1s a factor of 6 since it divides exactly into 6, and
so we say 6 1s divisible by 3. Determining whether or not a number
is divisible by another number can be time consuming when you
have a large number to check. However, there are some rules that
can help you determine this quickly. A divisibility rule 1s a faster
way of determining if a given number is divisible by another
number, using little or no division.

Investigation 2 - Divisibility rules atey,
You will be developing these rules for multiples of 2 to 10 (except 7). ¢ ®
1 Determine the divisibility rule for multiples of 2. B; c
a Write down some small numbers (up to three digits) that are multiples of 2
and study the numbers to find a pattern.
b Describe these patterns and generalize the divisibility rule for 2.
¢ Test your rule with larger numbers (four digits and five digits) to see if it holds.
2 Determine the divisibility rules for multiples of 5 and 10.
a Write down some small numbers that are multiples of 5. Study the numbers, find
a pattern and generalize your rule. Be sure to test it for larger numbers.
b Repeat for multiples of 10.
Determine the divisibility rules for multiples of 4 and 8.
a Write down all of the two-digit numbers that are divisible by 4. Now select some
larger numbers that are divisible by 4. What do you notice about your lists of two-
digit and larger numbers?
b Repeat these steps for multiples of 8.
4 Determine the divisibility rules for multiples of 3 and 9. With 4b, you may

have to look for
other patterns,
such as adding
digits together.

a Write down some small numbers (up to three digits) that are multiples
of 3. Study the numbers, find a pattern and generalize your rule.
Be sure to test it for larger numbers.

b Repeat this procedure for multiples of 9.
5 Determine the divisibility rules for multiples of 6.

Write down some small numbers (up to three digits) that are multiples
of 6. Study the numbers, find a pattern and generalize your rule. Be sure For question

to test it for larger numbers. 5, you may
6 Once you have determined all of the divisibility rules, make a reference want to look at
- chart with them all on one page so you can readily access them during combinations of

this unit. other rules.



5 Go to aaamath.com. In the left-hand navigation bar, choose Division. Scroll down and
click on Divisibility by 7.

Reflect and discuss 6

Use the 3P strategy as you answer these questions in pairs or small groups.

e Which divisibility rules are the easiest to remember?

e Did any divisibility rule surprise you in any way? Which rules are the most useful?

. Practice 4

1 Determine whether or not each number is divisible by 9 and explain your reasoning.
al35 b 1207 ¢ 792 d 12403 e 21347 f 78831

2 Determine whether or not each number is divisible by 4 and explain your reasoning.
a 788 b 2140 ¢ 3106 d 35422 e 107988 f 2301412

3 List all of the single-digit factors (1 to 9) of each of the following numbers.
a72 bl24 c 2505 d 1468 e 4096 f 12240

4 Create two different four-digit numbers that are divisible by:
a23and8 b4,6and9 ¢ 2,3,5and9 d 4,5 6and9

5 Rugby is a game that is played internationally by both men and women. Points can be
scored in a variety of ways. A ‘kick’ through a set of uprights is worth 3 points. A ‘try’
is scored when the ball is touched down inside the opposing team’s End Zone and is
worth 5 points. After scoring a try, a team can attempt a ‘conversion’, which is worth
2 more points.

a Suppose the final score in a rugby match was 39-13.
Could either team have scored on kicks alone? Explain.

b Suppose the final score in a rugby match was 45-15.
Could either team have scored on tries alone?
Explain.

¢ Determine one possibility for how the two teams
scored their points if the final score was 41-22.

d Determine two possibilities for how the two teams
scored their points if the final score was 57-25.
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Greatest common factor (GCF)

Factors that are common to more than one number are called
common factors. For example, 12 and 18 have 1, 2, 3 and 6 as
common factors. Often we are interested in the greatest common
factor (GCF'), which is the largest factor that two or more numbers
have in common. In the case of 12 and 18, the GCF is 6.

There are many ways to find the GCF of a group of numbers.
Two such ways are described here.

Example 6
@ Find the GCF of the numbers 12, 18 and 36. W
.Y 12:1,2,3,4,6,12 List all of the factors of each number
18: 1,2,3,6,9,18 and find the greatest one that
36: 1,2,3,4,6,9,12,18, 36 occurs in all the lists.
The GCF is 6. J

Listing all of the factors can be time consuming and more difficult
as the numbers get larger. In these cases, you can use the ladder
method, demonstrated in Example 7.

Example 7

@ Using the ladder method, find the GCF of the numbers 12, 18 and 36. W

A 312 18 36 Find a factor of all the numbers. Write this factor in front of the three
numbers, separated by a vertical line. Here, the factor identified is 3.

Divide each of the original numbers by this factor and
write the quotients below the original numbers.

Now find a factor of this new set of numbers
and write this in front (2). Divide.

|

312 18 36
4 6 12

312 18 36
2| 4 6 12

3|12 18 36 Continue until no more factors of all the numbers can be found.
2| 4 6 12
2 3 6 I
3%2=6 Multiply all of the factors together (the numbers
B to the left of the vertical lines) to find the greatest
. common factor.
The GCF is 6.
N J




The Greek mathematician Euclid (c 300 Bc) discovered
a method for finding the GCF of two numbers, and first
described this method in his famous mathematics book
called Euclid’s Elements.

In Euclid’s method, you repeatedly subtract multiples of the
smaller number from the larger number until you have a zero
remainder. The last non-zero remainder 1s the GCF. The
method is best understood by looking at a worked example.

Example 8

(Q) Find the GCF of 490 and 1274. ]

How many multiples of 490 will fit into 1274? Well, 3 x 490 would
be greater than 1274. But 2 X 490 is less than 1274 by 294.

How many multiples of 294 will fit into 4907 Only 1, with 196 left over.

196 is less than 294 by 98.

98 is the last non-zero remainder.

Ay 1274 —(2x ) =294
—(1x294)=196
294 —-(1x196)=98

196 -(2x98)=0

The GCF of 490 and 1274 is 98. J

Activity 3 - Euclid’s method

Find the GCF of each pair of numbers using both the ladder method
and Euclid’s method.

a 72and 180 b 24 and 132 ¢ 104 and 1200
d 360 and 1024 e 256 and 1600 f 480 and 2040

Reflect and discuss 7

e Use the 3P strategy as you answer the following questions in pairs or

small groups.
Pairs
e Which method do you prefer, the ladder method or Euclid’s

method? Explain.
e Describe the similarities and differences between the two methods.

e How does Euclid’s method work?



. Practice 5

1 Find the GCF of each set of numbers. Make sure your chosen method is clear.

a 24, 36 b 48, 64 c 54,381 d 15,28
e 21, 35, 56 f 120, 56, 96 g 168, 252,240 h 180, 300, 720
i 75,200, 350 j 16,48, 144 k 7,14, 30 I 18,28, 38

2 Another popular method for finding the GCF is the ‘factor tree method’, which you
may have already seen. If not, research this method and try a few examples with
it. Of the three methods (the ladder method, Euclid’s method and the factor tree
method), which do you prefer, and why?

Lowest common multiple (LCM)

As with factors, different numbers will have common multiples.
We are often interested in the lowest common multiple (LCM),
which is the smallest multiple that the numbers have in common.

The next two examples show two methods for finding the LCM
of a group of numbers.

Example 9

@ Use the ladder method to find the LCM of the numbers 4, 8 and 10. w

A 2|14 8 10 Find a factor of at least two of the numbers. The more of the numbers
your factor divides into, the more efficient the process. Write this
factor in front of the three numbers, separated by a vertical line.

2|4 8 10 Divide each number by the factor (2, in this example)
2 4 5 and write the quotients below the original numbers.
2|4 8 10 Now find a factor (2 again, here) of at least two of the new numbers and write
212 4 > it in front. If a number does not have that factor simply carry it down to the
1T 2 > next row. (Here, 5 does not have 2 as a factor.)
214 8 10 Continue until no more factors can be found. Multiply all the factors and
2 | 21 ; : remainders together to find the lowest common multiple.

2X2xXx1x2%x5=40

L The LCM of 4, 8 and 10 is 40.




Example 10

@ Find the LCM of the numbers 4, 8 and 10. 1
Iy 4. 4,8,12,16,20,24,28,32,36,40,44,48, ... List multiples of each number
8: 8,16,24,32,40,48, 56,64, ... (starting from the lowest multiple)
10: 10.20.30.40.50  60. ... until you find a common one.
The LCM of the numbers 4, 8 and 10 is 40. J

Activity 4 - Mystery numbers

1 Read through the set of clues to determine the mystery number
in each case.

a What numberam I?
e | am a number between 40 and 70.
e |am a prime number.
e My digits add up to 8.
b What number am I?
e |am afour-digit number.
e My hundreds digit is 8.
e The difference between my hundreds digit and my ones
digitis 1.
e My thousands digit is one quarter of my hundreds digit.
e My tens digit is triple that of my thousands digit.
e All my digits add up to 23.
¢ What numberam I?
e | am a three-digit number.
e | am a multiple of 6.

e My tens digit is eight times my hundreds digit.

Continued on next page



d What number am I?
e |am a five-digit odd number.
e The sum of my digits is 23.
e My ten thousands digit is twice my ones digit.
e My thousands digit is one third of my ten thousands digit.
e My tens digit is 4.

e If you multiply my hundreds digit by my ones digit,
the product is 24.

e Thereisno 1 or9in my number.

2 Now your teacher will put you in groups of two or three, and each
group will be given a whiteboard or paper. You will be given clues
similar to the ones above and you will be asked to write down the
number you think it is. You will hold up your answer when asked,
and the groups with the correct number will proceed to the next
round until there is one winning group.

. Practice 6
1 Find the LCM of each set of numbers.

a46 b 8,12 c 12,64
d 24, 32 e 35,85 f 18, 54, 66
g 16, 20, 80 h 48, 68, 94 i 108, 180, 396

2 Another popular method for finding the LCM is the ‘factor tree method’, which you
may have already seen. If not, research this method and try a few examples with
it. Of the three methods (the ladder method, Euclid’s method and the factor tree
method), which do you prefer, and why?

Reflect and discuss 8

e Finding the lowest common factor is not of interest to
mathematicians. Explain why.

e Finding the greatest common multiple is not of interest to
mathematicians either. Explain why.

e When using the ladder method, what are the differences between
finding the GCF and LCM? Why can you not use the same method
for both?



GCF/LCM application

When faced with a word problem you need to determine what
it is you have to find, the GCF or the LCM. Which strategy will
you use to solve the problem? The next activity will help you
form strategies for doing this.

Activity 5 - GCF and LCM strategies

In groups of four, come up with specific strategies to follow when
determining what you are finding, the GCF or the LCM. What will GCF
word problems be asking you to do? What will LCM word problems be
asking you to do?

Use the following questions to help you come up with your strategies,
and then solve the problems.

1 Sliced ham comes in packages of 10. Cheese slices come in
packages of 8. Bread rolls come in packages of 12. What is the least
number of all three items you must buy in order to make the same
number of ham and cheese sandwiches with nothing left over?

2 You have a piece of construction paper that measures 32 cm by
48 cm. You want to cut it into squares of equal size. What will be
the dimensions of the largest possible square? How many squares
will you have?

3 Ata train station, the blue line has a train leaving every 15 minutes,
the green line has a train leaving every 24 minutes, and the red line
every 10 minutes. If the first train on each line leaves at the same
time, how often will there be trains on all three lines departing the
train station at the same time?

4 You have 54 hockey cards, 72 baseball cards, and 63 basketball
cards and you want to put them in a binder. Each page of the
binder should have cards from a single sport, and there should
be the same number of cards on each page. What is the greatest
number of cards you can put on a page? How many pages will you
need for each sport?

As a class, come up with a list of key words/phrases to look for when
solving these types of problems.
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Example 11

@5 Your class is made up of 12 girls and 8 boys. Your teacher wants to
split the class into groups, with each group containing the same
combination of girls and boys, making sure that no one is left out.
What is the greatest number of groups your teacher can make?

0 What are you being asked to find? You are breaking the class into specific groups — so you
are finding a smaller number - so find the GCF.
8:1,2,4,8 [
12: 1,2,3,4,6,12 Find the GCF using your preferred method. Since
the numbers here are small, simply list the factors
The GCFis 4. of each and identify the largest one in common.

Look at what the question is asking to
make sure you fully answer the question.

There are 4 groups, with 3 girls
and 2 boys in each.

\. J
Example 12
~
@ The eastbound bus leaves the depot once every 18 minutes.

The westbound bus leaves once every 30 minutes. If the first bus
on each line leaves at 3 pm, what time will it be when they again
leave at the same time?

e What are you being asked to find? You are trying to determine when they will next
leave at the same time - so you are finding a
18:18,36,54,72,90,108 larger number than both - so find the LCM.

30: 30, 60, 90, 120 [
Find the LCM using your preferred method.

The LCM is 90. [

Since the buses will leave the depot at the same Look at what the question is asking to

time every 90 minutes, the next time they do so make sure you fully answer the question.
L will be at 4:30 pm. J




. Practice 7

1 At the 2018 World Cup in Russia, one group of tickets cost
P975 while another group of tickets in the same category
cost P1170. What is the most a ticket could cost?

P is the symbol used
for Russian rubles.

2 Saturn orbits the sun every 12 years, Jupiter every 30 years, and Uranus every
84 years. In how many years from now will all three planets have the same
positions in the sky as they do today?

3 You are making emergency relief kits to give to bushfire victims. Bottles of water
come 1in crates of 30; there are 24 cans of food in each carton; and beef jerky
protein packs are in boxes of 80. You would like to create kits with one in each,
with nothing left over. What is the smallest number of kits you can make?

4 Quilting (stitching together of layers of fabric) dates
back to ancient Egypt, and the oldest quilt discovered
1s from about 5500 years ago. Today, many bedspread
quilts consist of small squares sewn together. If you
wanted to create a quilt for your bed measuring
42 inches by 78 inches, with squares of quilted fabric,
what are the dimensions of the largest squares you
could use? How many squares would there be?

5 The Mayans of south-eastern Mexico and northern Central America had two
calendars of different lengths. The Haab’ is 365 days and follows the solar year.
There is also a sacred calendar called the Tzolk’in, which has a 260-day cycle.

The Calendar Round is made from the connection between the two calendars. The
duration of the Calendar Round is when both calendars start again on the same day.

a Calculate the duration of the Calendar Round.

b The Mayans believed that when a person lives for the duration of the Calendar
Round, they will attain the special wisdom of an elder. At what age (in years) is
this using the Haab’ calendar?

Calculating with numbers

Many math problems can be solved in your head using ‘mental
math’ strategies. Some of these strategies take advantage of the
place values in the decimal system.

Addition

For addition, it is often easier to start by grouping numbers that
sum to 10, or by finding multiples of 10.
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Example 13

@5 Find the value of each summation.
a6+2+4+7+8
b 32+51

0 a (6+4)+@+2)+7 Rearrange to pair numbers that add to 10.
=10+10+7=27 |

b 3042450+ 1 Separate the numbers into tens and units.

=(30+50)+((2+1)
=80+3=83

Rearrange.

Multiplication

Multiplying numbers in your head may seem difficult, but there are
a few instances where it can actually be very easy, and even fun.
You will discover two of these in the investigation below.

O Investigation 3 — Multiplying by 10 and 11 ‘,’;\‘e’ioa
1 Multiply the following without using a calculator. B
a 10x24 b 123x10 ¢ 574x10  d 10x8105 e 10x 54203
f 10x24 g 3.19x10 h 12.042x10 i 100.5x10 j 10x19.27

2 Generalize a rule for multiplying any number by 10. Be sure your rule
includes whole numbers as well as decimal numbers.

3 Multiply the following without using a calculator.
allx23 b 11x35 c 62x11 d 81 x11 e 11x54

4 Do you notice any patterns in your answers to question 3? How do your
answers relate to the original numbers?

5 Generalize a rule for multiplying a two-digit number by 11.

6 Use your rule with each of these multiplications and then verify your
answers without using a calculator.

allx1l6 b 25x1l1 c 11x44 d 76 x 11 e 11 x49

7 Modify your rule based on your results in question 6. What is a shortcut for
multiplying by 117



Reflect and discuss 9

e How does the multiplication rule for 10 work? Explain using the
expanded form of a number.
e How does the multiplication rule for 11 work? Explain.

e Do you think your rule for 11 will work with three-digit numbers?
Try an example to find out.

. Practice 8

1 Find the value of each calculation.

a 24+62 b1+8+9+4+2 c5+3+7+6+5 d 76 + 83
e 340+220 f 6+8+12+14+20 g 400+ 1600 h 98 + 45
i 10x342 j 11x61 k 89x 11 I 1230 x 10
m8x 15 n 10 x 3.14159 o 15x16 p 4001 x 10

2 Find the sum of all the whole numbers from 1 to 20 inclusive. Explain your method.
Do not add every single number! Think of a strategy to make it easier.

3 Find the sum of all the whole numbers from 1 to 100 inclusive. Explain your method.
Do not add every single number! Think of a strategy to make it easier.

Activity 6 - Matho!
This game is like Bingo!, except that there are multiplications involved.

Your teacher will hold up a card with a multiplication on it, from 0 x 1
up to 9 x 9. You will do the multiplication in your head and, if you
have that number on your grid, you cross it off. If you manage to cross
off four numbers in one of the configurations listed below, shout out
Matho! to win the game.

The teacher’s set of cards contains no repeats.
Hence, there will be one card for say 4 x 5 or
5% 4, but not both.

18 | 32 | 25 | 44

12 72 14 9

Your grid will be four squares by four squares,
like the example shown here. 65 | 16 | 8 | 64

You can choose any one- or two-digit
numbers you want, but you may use each
number only once.

81 | 42 | 54 | 19

Continued on next page
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Winning configurations are made by crossing off four numbers
vertically, horizontally, on the main diagonals, or in the four corners.

You will play this game for six rounds:
Round 1 On your own - choose any numbers you wish.
Round2 On your own - do want to change any numbers?

Round 3 Now working with a partner - come up with a strategy to
design the optimal Matho! grid.

Round 4 Still with your partner - do either of you or both of you
want to change any numbers?

Round 5 Still with a partner (or perhaps for homework), —
double-check that you have the optimal Matho! grid. Write
down your strategy for choosing the numbers.

Round 6 Final game - start with the winning group leading a
discussion on what strategies they used to create the
best grid.

Reflect and discuss 10

e What strategies helped create the optimal Matho! grid?
e How predictable were the numbers that were called?
e How effective was the strategy that you used to create your grid?

e What numbers in the example Matho! grid shown on page 30
were poor choices?

Did you know...??

The abacus is an instrument first used by the Chinese in
approximately 500 sc. It was used to do calculations with
numbers involving addition, subtraction, multiplication,
division and even square roots. The art of using an
abacus is still taught in schools in some countries, and
there are competitions for speed and accuracy. But that's
not all. There are even competitions for students who can
perform huge calculations at lightning speed, using only
an imaginary abacus - one that they picture in

their minds!




Activity 7 - Multiplying visually

We can try to visually represent numbers in other ways in order to make them easier to
work with. Take a look at this visual method for multiplying two numbers together which

originated in Japan.
Example: Multiply 14 by 32.

Step 1: Represent the number 14 using 1 line and 4 lines:

Step 2: Represent the number 32 using 3 lines and 2 lines,
drawn perpendicular to the lines for 14:

Step 3: Count the number of times the lines intersect at the three

different vertical zones (in this case hundreds, tens and units).

Note that there are two intersections in the top part of the
vertical zone for tens, and twelve intersections in the bottom
part.

Step 4: If the number of intersection points in any zone is greater
than 10, carry the number in the tens column into the next
higher place value zone:

Step 5: Put the numbers together to read your answer!
Therefore, 14 X 32 =448.

You can watch an example on YouTube: search ‘Japanese
multiplication — how to multiply’.

Try using this method for the following calculations:

32 %21 11%x18 46 X 31 71 x25

3 14 8
|
¥
S 14 8
3 +v1\'€@+ 4
4 4 8



Reflect and discuss 11

e Which step in this visual method is the most difficult?

e How would you represent a zero using this method? Explain your
idea using an example.

o Will this method work for numbers greater than two digits? Try using
this method to multiply a three-digit and a two-digit number together,
and then two three-digit numbers. How many digits long would a
number have to be before this method would not be efficient?

e Compare this method with traditional vertical multiplication. Which
method is easier?

e Explain why this method works.

{\‘erfoé
Civilization has come a long way since the abacus. Computers, laptops and 9 c

tablets are now an important part of our lives. Instead of using the base-10
system, these devices use the binary or base-2 system. The simplest parts of
most devices, including calculators, work like switches with just two positions
or states: ‘on’ and ‘off’. Because the binary system has only two numbers in it -
zero and one - it was a perfect fit for an operating system for these devices.

One means ‘on’ and zero means ‘off’. Each small switch represents one bit of
information, which is like a digit in base-10. To store larger numbers, a series
of binary bits is grouped together, just like how we use many decimal digits
to make large numbers like nine billion.

Your assignment:

1 Research the binary system.

e When was it created?
e Where was it created? (Include a geographic reference)
e What was it used for?

2 Find out about the basics of the binary system.

e How does it work?

e Does it use place value?

e How are numbers represented?

How are 38, 95, 162 and 512 represented in binary?
3 Find out about operations in binary.

e First, show an example of each mathematical operation (addition,
subtraction, multiplication and division) using the decimal system.

Continued on next page



e Repeat the same calculations in binary.

e Generalize any rules for addition, subtraction, multiplication and
division in binary.

You will create a short report (using word processing software) outlining
these basic elements of the binary system. Be sure to use correct
mathematical symbols, notation and vocabulary.

Reflect and discuss 12

Why do you think computer and device storage capacities are given in
sizes such as 32 Gb, 64 Gb, 512 Mb, and so on? What do you notice about
these numbers?

Performing many calculations

Mathematics is a language and, like any language, it follows
certain rules. Mathematicians around the world follow an agreed
order of operations so that when a calculation involves more than
one operation, everyone gets the same answer.

Suppose you had to calculate 3 + 4 x 5.

If you add first, then multiply, the answer 1s 35. If you multiply
first, then add, the answer 1s 23. Which is correct?

In order to avoid confusion, mathematicians have come up with
rules about which operations come first. You will investigate this
order of operations next.

O Investigation 4 - Order of operations

All the calculations below have been performed correctly. Look at the answers
and determine the order in which the following operations should be done:
addition, division, powers (indices), multiplication, parentheses (also called
brackets), subtraction.

7+2%x4=15 12-4%x2=4 8-6x0=8 32+22+3=11
12x2+3=8 3%x(8+2)=30 (5-4)x9=9 15-4+7=18

2+32=11 (9-2%)+15=16 20+-10%x3=6 2+24+-(2%x3)x3=14



Reflect and discuss 13

Use the 3P strategy as you answer the following questions in pairs or
small groups.

Your teacher
can share with
you how he/she
e Which comes first, multiplication or division? Explain. first learned how
to remember
the ordering of
operations.

e Try to create an acronym or a simple way to remember the order of
operations.

. Practice 9

1 Evaluate each of these calculations using the correct order of operations.
18+6

a8+6x2 b o -4 c (?-4)(5*-2)

d324-11)+3x%x22-4 e 51+ (52-4x2)x7-+100

f 5B+4)-2x8-2° g 48+ (4 —4x2)x6-6

32 +(27+3)
24—3+12+4 . 2 _ 73 NI 3 o 3[(9_4)+6X3]—32

he e i 5(£2-VF+2)-7x2 | mi e 107
2 Replace each [] with an operation to make the statement true.

al+15003=6 b (1802)+10=2 c 1503+205=15
3 Insert brackets where appropriate to make each statement true.

al8-6x3+2=38 b8+4+2+2=3 c 5+3x6-10=38

dl608+4014=3 e 12008-504=1 f 5x@3+0)06=9
4 Change just one operation in each statement to make it true.

a7x3+4x5=1 b(12-6)x3+10+5=4 ¢ 24-(10-6)+2x5=16

d12+36+9+4=13 e 6x8-12x2+7=15 f 14+10-5-12-3=15

5 The game ‘24’ is a number game where players are given four numbers and must use
them to create an expression that equals 24. Players can use any of the operations
(+, -, X, +) as well as exponents and parentheses. For each group of four numbers
listed below, write down an expression that equals 24 using each number once.

al, 57,8 b3788 «¢236,10 d7,6,10,12 e 2,6,6,9

Continued on next page



6 In Canada it is illegal to be awarded a prize for a ‘game of chance’. So, when
companies have contests, winners first have to answer a skill-testing question
in order to claim their prize. One company’s skill-testing question was to find
the answer to this calculation:

100+3+2%x5+6x%x10=+2
a Find the correct answer.

b Find four other answers to this question that respondents are likely to give.
Explain the errors that might be made.

Activity 8 - flanking fifty!

For this activity, you will use part of one standard deck of playing cards. You
will use nine cards, from 1 (Ace) to 9, from each of the four suits, making a
total of 36 cards. Each team will be two or three students.

Teams are dealt their own set of five cards.
Players use each card as a single digit to create
any calculation they want, using any operations.
The goal is for the answer to the calculation to be
as close to 50 as possible. All five cards must be
used and the correct order of operations must be
followed. Your teacher will decide the length of
time for each round.

Points are scored by how many points you go over or under 50.

For each round, the deck is shuffled and five new cards are dealt to each
team. The winners are the team with the least number of points at the end
of five rounds.

Did you know...?

Historically, as calculations became more difficult,

tools were invented to do the computations more _ g
quickly than they could be done by hand. Until ¢ . 3
calculators became affordable and common items, |y A S

. q . L. e
the slide rule performed a wide range of calculations, S TR
but the user had to keep the order of operations in e B e
mind at all times. Today's scientific calculators follow W Ry

e U p

the order of operations automatically. RS o 4‘ ~ ol
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Activity 9 - Bringing it all together

A mind map is a diagram used to visually organize information.

It connects information around a central subject, which in this case
is number sense. Create a mind map using all of the following words,
showing all connections between concepts.

prime numberJ natural numberJ

GCF| LCM| base-2 |

composite number J order of operationsJ

oneJ pIacevaIueJ zeroJ

whole numberJ | base-1 OJ

divisorsJ muItipIesJ

factorsJ base-GOJ

square rootJ exponentJ decimal pointJ




The number system that we currently use 1s the decimal number
system. We use a place value system based on the number 10. The
units place and the decimal point form the center of the place value
system. The decimal system is made up of families (thousands,
thousandths, millions, millionths, etc.) Each place value family
has three members: units (or ones), tens, and hundreds.

To write whole numbers from words:
1 Determine the place value name with the greatest value given
in the number. This tells you how many places you need.
2 Draw a blank (a dash) for every place you will need, one
per digit.
3 Fill in the blanks with the digits needed. Use zeros as
place holders.
To read decimal numbers:
1 Ignoring the decimal point, read the decimal number part
like a whole number.
2 At the end of the number, say the place name of the last digit.

To write decimal numbers:

1 Determine the place name of the last digit of the number.
This tells you how many places there should be in the number.

2 Fill in the spaces so that the number reads correctly.
If necessary, put zeros in as place holders.

Expanded notation

Examples:
352.87=300+[50+2+0.8+0.07
or

352.87 = (3 x 100) + (5 x 10) + (2 x 1) + (8 x 0.1) + (7 x 0.01)



Divisibility rules
A number is divisible by a given number if the given condition is met:

2: the last digit is even

: the sum of the digits is divisible by 3

: the last two digits form a number that is divisible by 4

: the last number is 5 or 0

: the number is divisible by both 2 and 3

: the last three digits form a number that is divisible by 8
9: the sum of the digits is divisible by 9

10: the last number i1s 0.

o O\ U1 & W

Indices/Powers

Powers are a convenient way to write a number that is being multiplied by
itself. For example: 72 =7 X 7 =49.

The opposite of powers are roots. If 72 = 49, then the square root of 49 is 7.
The square root symbol is+/ , so we write it as V49 = 7.

Numbers whose square roots are whole numbers are called perfect squares.
To denote a root that is not a square root we make a small modification

to the symbol. For example: 3/ and 4/ denote cube root and fourth root,
respectively.

Order of operations

. . Division and
Mathematicians have agreed upon the order of operations. Multiplication are
The acronym BEDMAS is one of several acronyms that may treated equally,
help you remember the correct order: so do whichever
1 — Brackets 2 — Exponents comes first when

you read left to
right. Likewise
Factors and multiples for Addition and
Subtraction.

3 — Division and Multiplication = 4 — Addition and Subtraction

A number is a factor of another number if it divides exactly into
that number. For example, 5 is a factor of 60 and also a factor of 5,
but not a factor of 24.

Factors that are common to more than one number are called common factors.
The greatest common factor (GCF) is the largest of these factors.

A multiple 1s the result of multiplying a number by any other whole number.

Common multiples are multiples that are common to more than one number.
The lowest common multiple (LCM) is the smallest multiple that two or
more numbers have in common.

A prime number is a number whose only factors are 1 and itself.
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Key to Unit review question levels:

Level 1-2 Level 3-4 Level 5-6 Level 7-8
Write down these numbers in words.
a 32560042 b 17.08 c 1743.14 d2.718

Represent these written descriptions as numbers using digits.

a ten thousand four hundred fifty-five

b twenty nine and thirty-two thousandths

¢ one hundred ninety-thousand six hundred forty-five millionths
d eighteen thousandths

Represent these numbers in words and in both expanded forms.

a A blockbuster film made €15 342 807 over a single weekend.
b At its furthest, the moon is 405696.7 km from the Earth.

¢ The length of an eyelash mite is 0.1375 mm.

d In 2013, the population of India was 1252706 114 people.

e The width of a Siberian Husky’s hair is 0.000025 m.
Represent these numbers in both expanded forms.

a 12.75 b 203.6 c 12004.205 d 3.0019
Write down the given number from its expanded form.

a 500+ 10+ 8+0.02 +0.001

b (3x10000)+ (6x100)+ (2 x10)+(7x0.01)

¢ 9000+ 10+ 0.01 +0.008

d (4 x 100 000) + (6 x 1000) + (2 x 10) + (3 x 0.01)
Represent each given number in two other forms.

a 8231.04 b (4x1000)+ (3x10)+(5x0.1)+(4x%x0.001)
¢ 8000 + 800 + 0.7 + 0.008 + 0.00002 d 1400.12
Evaluate each number.

a8 b 122 c 6 d 132

e 24 f 32 g 2’ h 54

For a number
such as 1047,
some people say
‘one thousand
and forty seven’
while others say
‘one thousand
forty-seven’.
Can you think
of a reason why
the second

way might be
preferable?



. Use a grouping strategy to find the value of each summation.

a24+62 b1+8+9+4+2
c5+3+7+6+5 d 76 + 83
e 340+ 220 f6+8+12+14+20
g 400 + 1600 h 98 +45
. Represent these numbers in Braille.
a 28 b 362 c 12.3 d 90.12

. Convert these Braille numbers to decimal form.

pEEK "L
g e X I

. Represent these Braille numbers in base-60.

" el gtlEE
pEERE LA

. Multiply these numbers using the visual multiplication method.

a 83x21 b 49x16
. Multiply these numbers using the visual multiplication method.
a 342 x17 b 121 x213
. Represent these base-10 numbers in base-60.
a 81 b 200 c 372 d 1248
. Represent these base-60 numbers in base-10.
al 14 b3 05 c 2 43 d5 00
. Evaluate these roots.
a V121 b 64 c 1000 d ¢16
e Y27 f V16 g V4® h V122

. Determine if each number is divisible by 3. Explain your reasoning.
a204 b 1317 c 814 d 32422 e 501315 f 92044




18

19

20

21

22

23

Determine if each number is divisible by 8. Explain your reasoning.
a 1324 b 3080 ¢ 71256 d 4512 e 112316 f 5362504

List all of the single-digit factors (1 to 9) of each number.

a6d b256 ¢ 1305 d92800 e 544 f 8280

Find the GCF of each set of numbers. Make sure your chosen
method is clear.

a 35,42 b 144, 280 c 96, 240 d 18, 24, 42
e 12,72,156 f 126,162,180 g 120,168,216 h 90,210, 3000

Find the LCM of each set of numbers.

a 36, 54 b 45, 60 ¢ 12, 30 d 9,15, 30
e 8,12,30 f 18,24, 36 g 11, 15,21 h 14,21, 28

Celestial objects (like comets, planets and
stars) have been observed by civilizations
throughout history. Some people viewed
these (especially comets and eclipses)

as omens of future events while others
interpreted them as signs from their gods.

Halley’s comet orbits the Earth every

76 years while comet Swift-Tuttle has a
132-year orbit. If they were to pass by Earth
in the same year, about how many years later
would they again pass by Earth in the same year?

Evaluate these expressions, using the correct order of operations.

al0+12+2 b12-3x3+6Xx2
¢ (3B-12)+42-1) d5(32+1)+7x32+8

e 168+ (24+29) + 11 x/169 f 2(52+2x4)-7x8

4(13-8)+3x4-42 h 234+21+3-8+2
62 +(2x9) 92 -7x10

. . 16[(12—4)-3x2]+42
_ 2 2 2 3
i 2(8><3 J82+6 )+3 X2 0T 1820




24

25

26

27

28

Write down an expression that equals 24 using the four
numbers in each set below. You may use parentheses, addition,
multiplication, division and/or subtraction, but each number
must be used and only once.

a24511 b2310,12 ¢ 3,4,9,6 dl1, 3,48

Arturo wrote down the equation below to make 24 using the many possible
numbers 3, 4, 6, 12. answers.

3+6x4-12=24

In questions 24
and 25, there are

a Is Arturo correct? Explain.

b If Arturo is incorrect, make one change to his equation so that
his answer is correct.

¢ Use the numbers 3, 4, 6 and 12 along with one multiplication and
two divisions to write down another expression that equals 24.

Using any numbers of your own choosing, write down an
expression that uses four different operations (choosing from
multiplication, division, subtraction, addition, exponent, and
root) where the answer 1s 20. Remember to obey the correct
order of operations.

Using any numbers of your own choosing, write down an
expression that includes at least three exponents, one set of
parentheses, one multiplication and one addition, where the
answer is 8.

In a traditional Mayan medicine garden, herbs were planted

for their healing powers, such as Bougainvillea for its antibiotic
properties and Calendula for its anti-viral and anti-inflammatory
properties.

a If a field was 54 land rods (ancient
unit of measurement) by 30 land
rods, what are the dimensions of the
largest square plots of a single herb
that could be planted?

b How many square plots would you
have in this field?

¢ If the field was divided equally
between both these types of
herbs, how many square plots of
Bougainvillea and Calendulas would there be?




How much are we influenced by the past?

You will be exploring number systems of different ancient
civilizations. In groups specified by your teacher, you will choose
one of the following civilizations and complete some research

on their number system. You will then explain the basics of that
number system to the class.

- Babylonian Roman Greek

Egyptian Chinese Sumerian

1 Before beginning this task, as a class you will prepare a timeline
of the history of world math systems. Each group will share
with the class when their civilization’s number system was
created. As a class, you will determine the intervals of your
timeline until the present day, and label your civilization on the
timeline. This will help give you an overview of mathematics
throughout time as you complete your Summative task.

2 As a group, you will prepare a short instructional video
between two and five minutes in length, using an app like
Explain Everything or Show Me, or a method suggested
by your teacher. Your video will include all of the relevant
information about your number system.

a What is the history of your number system?
e When was it created?
e Where was it created? (Include geographic reference.)
e What was it used for?

If not used today, when did it stop being used?

b What are the basics of your number system?
e How does it work?
e What was it used for?

e What types of symbols are used and do they have specific
meaning/values?

e Are there any patterns evident in your number system?
e What kind of mathematical operations were used?
e Does your number system use place value?




¢ What were the positive aspects and limitations of the number system?
d Do we use any of the elements of this number system today?

e What are some interesting facts about your number system and
the culture of the civilization that used it?

To accompany your video, you will create a one-page information sheet
outlining the basics of your system and with explanations of the following:

e how to convert numbers from your number system to the base-10 number
system (Your explanations must be clear enough so that the class can then
determine how to write the following base-10 numbers using the symbols
in your number system: 0, 8, 27, 74, 65, 1390.)

e how to add, subtract, multiply and divide in your number system, with
an example of each

e how to find the value of the following: 6 + 8 + 2 + 3 x 5.

Reflect and discuss 14

After all of the presentations, answer the following questions in your group.

e Compare and contrast the number systems to the Hindu-Arabic number
system we use today.

e Which were the easiest to learn? Which were the hardest? Why?

e How have the number systems you have studied here influenced the
number system we use today?

Enrichment activity

Computer programming is slowly becoming an important skill for most
students to acquire. Computer programmers use the sexadecimal system to
represent locations in memory. Like binary, it has practical advantages over
the decimal system.

Create a short report on the hexadecimal system that includes:
e when and where it was created
e why it was created, and what purpose it serves
e how numbers are represented in hexadecimal

e two examples of how decimal numbers can be converted to
hexadecimal

e one example of each mathematical operation in decimal, and the same
calculation in hexadecimal.



Percentages

In this unit your use and understanding of percentages will give
you a glimpse into the experience of refugees. However, the
study of percentages could also be the gateway to discoveries
in other contexts on a personal and global scale.

la Personal and cultural expression

Entrepreneurship

Do you have an idea for your own business? What would it
take to start your own company? What characteristics make
for a successful entrepreneur? Answering these questions
and interpreting the answers requires an understanding of
percentages.

e Some research studies have shown that 90% of new companies
fail within the first five years. Why does this happen?

e A start-up loan from the bank will charge interest, which is
a percentage of the total amount. Could your new business
afford to repay the interest?

Building a successful company also
means understanding how to run a
business. How do you know what
price to charge for the product?
How can you increase your profits
without increasing the price?
Percentages will help you analyze
these questions and find optimal
solutions.




@ Globalization and sustainability

Population and demography

Demography is the study of human
populations. It can show us how the human
population is broken down into different
segments and how those segments change
over time.

What is the current population of the
planet? What was it fifty years ago? What
percentage is male? Female? Teenage?
Employed? Interested in football? Religious?
Likes pizza? Researchers look into different
questions, for different reasons.

While some of these questions may not
seem very important, looking at trends

in the human population can help us to
understand how the world might look in
the future and explain differences between
humans in different regions. The results of
these questions may even point out where
inequities exist.

Tu 'l




Percentages
Inequality and difference

KEY CONCEPT: FORM @ =

Related concepts: Equivalence and Quantity

Global context

In this unit you will work with percentages, fractions and decimals to
explore the global context of fairness and development. You will apply the
relationships between percentages, fractions and decimals as you explore
worldwide refugee displacement, working conditions, nutrition, and the
availability of safe drinking water. You will also have opportunities to reflect
on and discuss what it might be like to be a refugee in a foreign country.

Statement of Inquiry
Inequality and difference become clearer through
the use of equivalent forms of quantities.

Objectives Inquiry questions
e Representing a number in different forms - What is a percentage?
fractions, decimals and percentages

When are two things equal?
e Converting between equivalent forms
of numbers - fractions, decimals and

percentages G How can different forms be equivalent?

. . When is it beneficial to use different forms?
e (Calculating percentage increase and decrease
e Applying mathematical strategies to solve 0

. . Can fairness be calculated?
problems involving percentages
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Collaboration skills Organization skills

Practise empathy Plan short- and long-term
assignments; meet deadlines

You should already know how to:

e say and write decimal numbers mentally multiply and divide by
¢ round numbers correctly powers of ten
» reduce fractions to their simplest form find missing values in equivalent fractions




Introducing percentages

Life seems to be full of percentages. They appear in advertising,

in the news, even on our devices. But what do they mean?

Why do we use them? Do they only describe a quantity or amount,
or can they be used in other ways? Is it possible for percentages to
help you learn important lessons, such as what it might be like to
live in someone else’s shoes?

off sale fuels mayhem
T malor department store-

Being comfortable with percentages will not only help you in your daily
life, but may also help you understand someone else’s life a little better.

Reflect and discuss 1

Answer these questions individually before discussing them as a class.
e What do you think the word percent means?
e What is the definition of the word cent?
¢ In the following two examples, what does the word per represent?
o A bike courier works 7.5 hours per day.
o A cruise ship travels at 30 nautical miles per hour.

e Putting these together, what do you think the word percent means?

-5 2 2 Percentages
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Percentages

A percent, or percentage, is a ratio which can be written as

a fraction out of one hundred. The symbol used to show a
percentage is: %. For example, 20% is read as ‘twenty percent’,
meaning twenty out of one hundred.

Activity 1 - Uses of percentages

Percentages are a very useful way of expressing ratios and fractions.

In pairs, find 10 real-life examples of where percentages are commonly
used. You will score 1 point if several pairs have the same example,

3 points if only one other pair has it, and 5 points if yours is the only
pair that has it.

The most common way to represent a percentage is by using
notation, e.g. 75% or 13.5%. However, percentages can also be
represented using models. These models can make percentages
easier to understand by giving them a visual representation.

Activity 2 - Visual representation of percentages

1 Write down the percentage represented by the shaded section of
each grid (e.g. 60%).

a b

C d
O [T L]
f

I L]

P Continued on next page




2 Describe how you were able to identify the percentage for the grids
that do not have 100 squares.

3 Create two of your own grids to represent 80%.
4 Create two of your own grids to represent 30%.

5 Make a creative and unusual visual representation of 50%.

Reflect and discuss 2

e Canyou have a percentage that is larger than 100%?
If so, how would you represent it visually?

e If you could have a percentage greater than 100%, what would
it mean? Give an example to explain your reasoning.

In Activity 2, you saw that a percentage can be represented
visually using shaded squares. Although using 100 squares

makes representing and identifying percentages much simpler,
percentages can also be shown using a different number of squares.
Even though percentages are quantities or ratios written out of 100,
you can sometimes simplify these ratios to produce equivalent
fractions. In fact, percentages and fractions are linked because they
can be equivalent forms of the same quantity.

O Investigation 1 - Key percentages QLer,

1 You have seen that a percentage is a ratio out of 100. Some percentages, y B P
like 50%, are easy to calculate since they are easy to simplify (in this case,
one-half). Based on this idea, which percentages are easy to simplify? Copy
the grid below and make a list of them. At the same time, divide the grid
into the correct proportions, as shown in the first two examples.

100%

25% 25% 25% 25%

» Continued on next page
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2 If you can calculate the percentagesin step 1, Percentage How you can calculate it
multiples of these should also be fairly easy to %
calculate. Copy the table on the right and make a
list of these other percentages. If there is more than

one way to calculate a percentage, list the easiest
way. An example has been done for you.

3 Based on the investigation, state a general rule for
finding any percentage.

4 Verify your rule for other percentages that you have not looked at yet.

Reflect and discuss 3

e What makes some percentages easier to calculate than others?

e In some parts of the world, when people eat at restaurants, a common
practice is to tip the server 10%, 15% or 20% of the cost of the meal.
Can you think of an easy way to calculate these tip amounts?

e Why do you think servers receive tips? Suppose you ate at a
restaurant, but you didn’t know about the tipping custom and
therefore you left no tip. How would it feel to be your server?
What questions would your server ask himself/herself?

. Practice 1
1 Write down the percentage represented by the shaded section of each grid.

a b C

2 For each percentage below, draw two grids of different sizes and then shade the
percentage.

ao60% b20% c 8% dI12% e 4%
3 If 10% of a certain quantity is 12, find the following percentages of the same quantity.
a20% b30% c70% d100% e 5% f 25%

P Continued on next page
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4 If you knew what 4%, 5% and 6% of a certain quantity was, how could you
calculate the following percentages of the same quantity?

al2% b9% c10% d30% e l11% f 14% g 17%

5 In 2015, 6% of the people forced to flee their homes were hosted by
countries in Europe. This represented approximately 4 million people.

a Using this data, approximate the number of people represented by
the following percentages.

i 12% of the people fled to the Americas.

ii 30% fled to an African country (not including North Africa).
iii 15% fled to a country in the Asia-Pacific region.

iv 39% fled to a country in the Middle East or North Africa.

b Imagine you had to leave your country because of a civil war. What would it feel
like to move to a new place where you don’t know anyone and don’t speak the
language? How would it feel to know that you may never go back home?

What other feelings would you have?

6 As of January, 2017, Canada had taken in approximately 40000 Syrian refugees.
Approximately 15000 of these refugees were sponsored privately by individual
Canadians who formed small groups of citizens to finance the refugees' first year in
Canada. What percentage of the refugees were sponsored by private citizens?

Equivalent forms
Percentages and fractions

A percentage is a fraction out of 100, and any fraction can be converted to
a percentage.

Activity 3 - Percentages and fractions

1 Convert each percentage to a fraction out of 100.

2 Convert each fraction to a percentage.

32 8 7 135 135
100 100 100 100 200

.5 6 2 Percentages



NUMBER

Being able to convert between equivalent forms is a very
important skill in mathematics. When converting fractions to
percentages, it is easiest to convert the quantity to an equivalent
fraction out of 100 and then write the number as a percentage.

Example 1

19
@ Convert 5 to a percentage.

B8
25 100

19x4 = 76 Multiply the denominator by 4 to make an equivalent fraction out of 100.
25x 4 100 Multiply the numerator by the same amount in order to maintain equality.

76 ]

100 =76% Write the fraction out of 100 as a percentage (since ‘percent’ means ‘out of 100).

19
Therefore, — = 76%.
25

Reflect and discuss 4

4
What do you think you would do to convert —— to a percentage, since

its denominator is not a factor of 100? 80

Example 2

7
@ Write o as a percentage.

7+7 1

A 35—+7= 3 Simplify the fraction.
1x20 _ 20 . . |
5% 20 100 Rewrite as an equivalent fraction out of 100.
20 . :
ﬁ =20% Rewrite the fraction as a percentage.

7 .
Therefore, 35 as a percentage is 20%.
S

Y



Reflect and discuss 5

Sometimes the denominator of a fraction does not divide evenly
into 100, yet you'd still like to convert it to a percentage.

e How could you use a calculator to help you find the percentage

represented by 1?
17

e Write down the steps you could use with your calculator to convert
a fraction to a percentage.

e If a calculator is not available, what other option might you have?
Use this method and round your answer to the nearest hundredth.

Activity 4 - Refugees around the world

Research the statistics needed below and use a calculator to
help you answer these questions. (Try unhcr.org as a statistical
reource website.)

1 What is the approximate world population?

2 What is the approximate world refugee population?

3 What percentage of the world population consists of
refugees? Round your answer to the nearest tenth.

4 Roughly 3.5 billion people have wealth of less than US $10000.
What percentage of the global population does this represent?
Round your answer to the nearest hundredth.

5 Approximately 50% of all refugees are children (under the age
of 18). How many refugees are children? Round your answer to
the nearest whole number.

Reflect and discuss 6

e What would it mean to have a total wealth of less than $10000?
What would life be like? How might your priorities be different than
they are now?

a1

e In Activity 4, why are some numbers rounded to one decimal place,
but others to the nearest whole number?

.5 8 2 Percentages
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. Practice 2

1 Convert these fractions to percentages.

[ VA A
ass 20 €10 5 € 50
3 11 3 25 47
= e h — i — j —
4 935 20 25 50
2 Convert these fractions to percentages.
J6 plz 6 4T 18
12 30 40 70 45
2 36 81 . 24 .9
5 90 Mo 'xm I3

3 Convert these fractions to percentages. Use two
significant ﬁgures

5 1 71 18
s bﬁ ca 9 e
24 3 50 . 2 |
f — = h = i == —
3 99 61 17 T

4 At least £ of humanity live on $10 per day or less. At least
what percentage of the population does this represent?

5 Of the estimated 2 billion children living in the
developing world, approximately 400 million do not
have access to safe drinking water.

Approximately what percentage of children in
developing countries do not have safe water to drink?

Activity 5 - The world’s resources Gross domestic
Are the world’s resources divided evenly? By looking at the population product, or GDP,
of each continent/region and its gross domestic product (GDP), you is a measure of
can get an idea of the distribution of the world’s resources. the income of

individuals and
companiesina
region.

1 Referring to the table on the next page, research the current
population and GDP of each region and fill in the appropriate
columns in a copy of the table.

2 Calculate each region’s share of the global GDP as a percentage and
fillin the second column.

3 Calculate the percentage of the world population that each region’s
population represents and fill in the fourth column.

P Continued on next page




4 Based on the percentage breakdown of the population, divide
your class into groups that accurately represent the six regions.
Fill in the last column with the number of students representing

each region.

5 The world’s GDP can be represented by 100 counters. Divide up
the counters between the regions, based on the GDP percentage
breakdown in the table. Give each group of students the counters

for their region.

6 Take the counters for your region and divide them evenly among
the group members. What do you notice? Make a general statement

about

the world’s allocation of resources.

7 What if the counters were replaced with chocolate coins and each
group member was allowed to eat them? Would that be fair?

Continent Percentage Percentage Class size
: GDP | ofglobal | Population | of global
or region GDP [ breakdown
Africa
Asia
Europe
North
America
Oceania
South
America
Total GDP: Total
Population: |

Reflect and discuss 7

e Are the world’s resources distributed evenly? Justify your answer.

e Do you think they should be distributed more equitably?
If so, what can be done to make the distribution more equitable?

e Asyou have discovered, the world’s resources are not distributed
evenly. How would you feel if you were a citizen of a country that
received a small percentage of the world’s resources? How would
you feel if you were a citizen of a country that received a large
percentage of the world's resources?

-6 0 2 Percentages
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Percentages and decimals

A decimal can be converted to a percentage using a process that you are going to
determine in the investigation below.

O Investigation 2 - Percentages and decimals QLelig

(&) ?
Copy the table below and complete it to discover the process of converting a B
decimal to a percentage.

0.45 0.3 0.295

Say the number (out loud) based on
its place value and write it down.

Write this number as a fraction.

Convert to an equivalent fraction
out of 100, if necessary.

Write the fraction as a percentage.

1 How would you explain the process of converting a decimal to a percentage to a
student who was absent for this lesson? Demonstrate and verify the process with
two other decimal numbers.

2 How would you convert a percentage to a decimal?

Reflect and discuss 8

e How does our decimal number system help with the process of
converting decimals to percentages?

e How can you tell if a percentage and a decimal are equivalent?

Example 3

CQS Represent each percentage as a decimal.

a 17% b 62.5%
e a L. 17 =100 Think of the fraction as a division.
100 |
17 =100=0.17 Move the digits over two places when dividing by 100.
e ]
b @ =62.5+100 Think of the line between the numerator and denominator as a division sign.
l
62.5 + 100 = 0.625 Move the numbers over two places when dividing by 100.
v
X, J

Y



You know how to convert fractions to terminating decimals
(decimals that have a finite number of decimal places), but there

are actually two other kinds of decimals:

e repeating decimals — decimals that have a sequence of digits

that repeat infinitely

e non-terminating, non-repeating decimals — decimals that do

not terminate and do not repeat. These are also called irrational

numbers and you typically need a calculator to convert them
between equivalent forms.

O Investigation 3 - Repeating decimals

You will look at repeating decimals to ensure you can recognize these

numbers in both decimal and fractional form.

A repeating decimal is often indicated with a line over the top of the

digits to be repeated.

’\‘oe rio

(& ?
B

For example: 0.62 = 0.626262626262... 1.534=1.5343434.. 70.137=70.137137137..

In the table below, the first column contains terminating decimals
and their equivalent fractions, and the second column contains

repeating decimals and their equivalent fractions.

Terminating decimals Repeating decimals
0.7= 110 0.7= g
0.1= 110 0.1= ;
0.23= % 0.23= ;—Z
Qm7:%% 057:%%

1 Looking at the denominators, what is the key difference between
the fraction equivalents of terminating and repeating decimals?

2 Focusing on the denominators again, how do you know how many

digits will be repeating infinitely?

3 What are the steps to convert a repeating decimal to a fraction?

4 Take a look at the following:

03=1  05=2
3 3

0.72=

i)

11

Can you follow the same steps to convert the repeating decimals in these examples to

fractions? Explain.

-6 2 2 Percentages
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5 Decide which of the following conversions are correct. For any that are incorrect,
identify how to fix them so that the decimals and fractions are equivalent.

g - — 11
a 04=— b 035=22 c 0.011=—
9 99 999

= 2 . . 4

d 02=— e 0.24:E f 036=—

11 33 11

— - . e 7

g 0.06=— h 0.375=3£ i 017=—

50 9 40

It is the opposite process to convert a fraction to a repeating decimal.

Example 4

N

@ Convert S0 to a decimal. Determine the number of 9s in the denominator;
this is the number of repeating digits in the decimal.

.9 99 - so two digits repeat |
NOTE: if the denominator does not contain only 9s you may

have to convert the fraction first. If the denominator cannot be
converted to contain only 9, then it is not a repeating decimal.

0.50 The numerator is placed in those decimal places.

l

- Draw a line over the top of the decimal to rep-
resent the infinite repeating of those digits.

To convert repeating decimals to percentages, it is best to simply
look at the number in decimal form and convert using the process
you already know (multiply by 100). You will typically round the
number to the most appropriate number of decimals places, given
the context of the question.

In Example 4, the repeating decimal was 0.50 so this would be
50.5050%. This number would round to 51%, accurate to the
nearest percentage, and 50.5% if you wanted the number accurate
to the nearest tenth.




. Practice 3

1 Convert each decimal to a fraction and then a percentage.

a087=-=0% b05==0% c 0.732=—= %

d009=3=% e 0006==0% f 1.2=05=0%

2 Convert each percentage to a decimal.
al2% b 46% c 103% d 38.5% e 83% f 12.25%

3 Write these numbers in all three forms: fraction, decimal and percentage.
Write each fraction in its simplest form.

2 4
S 0 -
al b 0.8 c 35% d 9

4 Which 1s the largest number in each of the following groups?
Justify your answer.

a I% or 28% or 0.28 b % or 0.7% or 0.7 c 1.03 or 100%

d i or E e % or 70% or 0.67 f 4%} or 20% or 0.2

15 9

5 Which numbers are equivalent in each of these sets?

P Continued on next page
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DOOOOE
b 21 11

8

10

11

12

NUMBER

Order each set of numbers from largest to smallest.

27% 0.09 4% 0.136

70 55

In each of these scenarios, which option offers the greatest amount?

Justify each answer using mathematics.

a 25% of one bag of popcorn, or 10% of three of the same sized bags of popcorn
b 50% of two mangos, or 40% of three of the same sized mangos

¢ 30% of one energy bar, or 5% of six of the same sized energy bars.

The International Labour Organization (ILO) estimates that

hop:
60% of the 250 million children around the world who work sweatshop: a

workshop, often

in sweatshops live in Asia. Approximately how many Asian in the clothing
children work in sweatshops? industry, employing
) . workers at low
The average.hourly wage of a woman making clothes n wages, for long
Bangladesh is the equivalent of US $0.13. The United States hours, and under
Federal minimum wage as of January 2017 was US $7.25 per poor and often

hour. Approximately what percentage of the US minimum THTSedis Euatores

wage 1s the Bangladeshi clothes worker’s wage?

In India, approximately 5% to 30% of the 340 million children
under 16 are classified as child laborers. About how many
children does this represent?

For 11, give your
answer as a range.

The charity Oxfam 1s working to help refugees in Bangladesh. In September 2017,
there were 470000 Rohingya Muslim people from Myanmar living as refugees in
Bangladesh. Only 50% of these refugees had access to clean drinking water.

a How many people does this percentage represent?

So far, Oxfam has been able to provide clean drinking water to 100000 of the refugees
who did not previously have access to clean drinking water.

b What percentage of the total number of people now have clean water?




Reflect and discuss 9
e Which form - percentage, decimal or fraction — do you prefer
when ordering numbers?

e What are the advantages and disadvantages of each form?
Make a list for each one.

e How are fractions, decimals and percentages equivalent forms?

Activity 6 - Conversion bingo

Draw a 4 by 4 grid and fill it in with a combination of fractions,
decimals and percentages, at least four of each. Here is an example.

Your teacher will give you the specific guidelines for what numbers 20% | 0.4 |30% 17
you can put in your grid. (For example, you may be told that you can 20
use any percentages that are a multiple of 10. So you must come up 1
with decimals, fractions and percentages that as a percentage are 4 e | QB |22
a multiple of 10.) You cannot include two equivalent numbers in 1
different forms (e.g. 20% and 0.2). 10% | 16% 15 90%
Once you have written the numbers in your grid, the game will begin. ° 70% | 0.68 3
Your teacher will call out a number in one of the three forms and you can 35 >
cross it off your grid if you have that number in any of the three forms. The
winner is the first student to get four in a row, column, or major diagonal.
o(‘te"/j‘
The United Nations High Commissioner for Refugees (UNHCR) recommends C D
that a refugee should consume at least 2100 calories per day. Yet in many )

refugee camps, refugees get less than this. For example, in one Tanzanian
refugee camp, refugees were given only about 1400 calories per day.

1 What percentage of the minimum daily calories were the refugees in the
Tanzanian camp given?

2 In many refugee camps, refugees end up trading their
food for other non-food supplies that they need. If a
refugee was eating only a third of the minimum daily
calorie recommendation, how many calories per day
would that be?

P Continued on next page
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The table shows approximately what a Syrian refugee might eat
per day in a Jordanian refugee camp. Remember that the UNHCR
recommends that a person should have at least 2100 calories daily.

Food Grams Calories Typg of
(approx.) | (approx.) nutrient
rice 274 1100 carbohydrate
flour 57 230 carbohydrate
lentils 24 97 protein
dried chickpeas 12 49 protein
sardines 18 71 protein
canned kidney beans 57 229 protein
vegetable oil 43 386 fat

What is the number of total daily calories in this refugee diet?
What percentage of a refugee’s calories come from protein?

What percentage of a refugee’s calories come from carbohydrates?
What percentage of a refugee’s calories come from fat?

Make a similar list of the foods that you eat in a typical day.

0 N & U1 b W

Using an online source, calculate the approximate number of
calories for every item on your list and state the type of nutrient.

9 Calculate the total number of calories you consume in one day.
Calculate how many calories you consume daily of fat, protein,
and carbohydrates.

10 What percentage of your calories come from each of these
three nutrient groups?

11 Explain the degree of accuracy of your results in step 10.
Describe whether or not your results in step 10 make sense.

12 How does your diet differ from the refugee diet? How is it similar?
(Compare the number of calories, breakdown of food groups, etc.)

13 How do you think refugees feel, having to follow this diet? Explain.

Applications of percentages

There are many practical applications involving percentages which
you will see on a regular basis, such as finding the discount on an
item for sale in a store or calculating the tax when purchasing an item.
Remembering that percentages and fractions are really just equivalent
forms can help you to solve these types of problems.




Example 5

N
@ a What percentage of 80 is 8?
b What is 30% of 25?
¢ 50% of what number is 13?
e a 80is the whole and 8 is the part, so the fraction is i
80
8 8+8 1
% T 80-8 ﬁ Convert the fraction to a percentage.
1x1 10
AL W
10x10 100
Therefore, 8 is 10% of 80.
30 [ In this case, 25 is the whole and the part is unknown.
b ﬁ = E We need to find the equivalent to the fraction represented by 30%.
30:4 75 |
100+ 4 B 25 Since 100 + 4 =25, we need to divide the numerator by 4 as well.
Therefore, 30% of 25 is 7.5.
C 20 = 13 In this case, 13 is the part but the whole is unknown.
100 L[] We need to find the equivalent to the fraction represented by 50%.
113 |
2 [ Simplify the first fraction.
113 13
2x13 26
Therefore, 50% of 26 is 13.

.

Reflect and discuss 10

e How would you write 30% as a decimal?
e What does the word ‘of " mean in mathematics?

e What is another way of solving problems like ‘Find 70% of 25'?

. Practice 4

1 Find the percentage in each of the following amounts.

a What percentage of 100 is 757 b What percentage of 48 is 367

¢ What percentage of 300 is 757 d What percentage of 620 is 1247
e What percentage of 50 1s 18?7 f What percentage of 220 is 1327
g What percentage of 96 is 24? h What percentage of 850 is 3407

P Continued on next page
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2 Find the number when:

a 50% of the number is 20 b 20% of the number is 8

¢ 10% of the number is 12 d 25% of the number is 38
e 80% of the number is 208 f 14% of the number is 49
g 62% of the number is 124 h 130% of the number is 78.

3 Find the number when given the percentage.

a 25% of 100 b 40% of 100 ¢ 20% of 50

d 80% of 100 e 10% of 1000 f 70% of 200
g 15% of 200 h 5% of 60 i 100% of 80
j 35% of 200 k 8% of 50 I 12% of 32

m 60% of 55 n 45% of 80 o 90% of 20

4 In a store, an item has a new price of $63 after a reduction of 30%.
What was the original price?

5 In Spain, the average annual income of a male is
approximately €26 000 and the average annual
female income is approximately €20000. Approximately
what percentage of the average male income is the average
female income?

6 In Canada, the average annual income of a female aged
25 to 34 is 77% of a male in the same age group. If the
average annual income of a female is approximately
$50000, how much, rounded to the nearest thousand
dollars, does the average male in the group earn?

7 In Australia, the average full-time weekly salary for a
woman is approximately 84% of the full-time weekly
salary for a man.

If an Australian man earns approximately $1600 per week,
how much does an Australian woman earn?

8 What feelings would you experience if you earned less than someone
else for doing the same work? Explain.

9 During a six-week period in 2012, the organization Doctors Without Borders
managed to vaccinate approximately 75% of a population at imminent risk of a
disease called cholera in Guinea and Sierra Leone, averting a potential disaster.
What was the total population if 170 000 people were vaccinated?

Y



Many countries around the world add a sales tax (sometimes
called a value added tax) onto most of the goods that are sold.
In some countries, the tax is included in the listed price, while in
others the tax is added on to the listed price. To make sure you
have enough money, you need to be able to quickly determine
what that final price will be. You can do this easily in your head
without a calculator.

/Zp‘ P 4
33
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Activity 7 - More than one way

You want to buy an item that costs £60. However, a tax of 15%
will be added. What is the amount of the tax?

One way to solve this is to divide the problem in two:

15% = 10% + 5%

To find 10% of 60, you can multiply 0.1 x 60.

0.1 x60=6

Since 5% is half of 10%, find half of £6 ,which is £3.

Therefore, the total tax is £6 + £3 = £9.
a Solve the problem by using one calculation involving a decimal.
b Solve the problem by using two equivalent fractions.

¢ Solve the problem in as many other ways as you can think of.

Reflect and discuss 11

e Which method did you prefer to use when solving the problem in
Activity 77

e Will your choice of method depend on the question, or will you
always use the same one?

e How can different methods produce equivalent results?

-? 0 2 Percentages
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. Practice 5

1 a Calculate the tax on each item, then calculate the total cost of each item.
Use the average sales tax worldwide, which is 15%.

b You have $100 to spend. Can you afford the painting (including sales tax)? Explain.

¢ List three items you could buy (including sales tax) with your $100.
Write down their total cost.

d What combination of items can you buy that is the closest to your $100, without
going over it? Remember to include sales tax on each item.

You can solve
these problems
in a similar way to

2 a Find the price of each of the following items after a discount
1s applied (often called the ‘sale price’).

i A shirt that was originally $62 is discounted by 50%. the tax problems,

. . o but this time

ii A pair of $120 shoes are now marked 30% off. subtracting the

iii A $40 concert ticket now has 40% off. discount from the
original price.

b What is the total price of each item in part a if the worldwide
sales tax of 15% is applied after the discount?

3 Carlos buys a backpack for $30. There is a 10% discount followed by
a 15% tax. How much will the backpack cost in total?

4 The war in Syria, which led to millions of refugees, also increased
prices of goods dramatically.

a A shawarma sandwich used to cost 100 Syrian pounds

(SYP), but has now increased by 100%. What is the new -L
price of the sandwich? ﬁw
b A tax of 10% was then added by the government on the e

shawarma sandwich. What is the new price of the sandwich?

P Continued on next page




¢ The price of six eggs was 120 SYP and increased by 550%.
What is the new price of six eggs?

d The price of a kilogram of butter used to be 520 SYP. However, that
has increased by 250%. What is the new price of a kilogram of butter?

e Butter could be replaced by margarine, the cost of which is only
350 SYP per kilogram. Using the new price of butter, what percentage
of the price of a kilogram of butter is this?

f Imagine you are living in Syria and the price of food is increasing as
you have seen. How would it feel to be the head of a family trying
to provide for them, despite your salary not increasing? What would
you consider as your options?

Percentage change

Often, we are interested in finding by what percentage a quantity changes,
which is a comparison of a change in value to the original value.
The percentage change is found by:

new amount — original amount
g % 100%

Percentage increase or decrease = "
original amount

Example 6

@ a In 2008, the number of undernourished people was 1 billion
worldwide. In 2010, approximately 900 million people were
undernourished globally. Find the percentage decrease.

b Despite the scenario highlighted in part a, in 2008, the United
States wasted 126 billion pounds of food. In 2010, that amount
climbed to 133 billion pounds. Find the percentage increase,
rounded to the nearest hundredth.

e a To find the percentage change (decrease):

900 000 000 —-1000 000 000 %100% = —10%

1000 000 000 Use the percentage change formula.
The negative value here indicates a decrease.

It represents a 10% decrease.

b To find the percentage change (increase):

133 000 000 000 —126 000 000 000 % 100% ~ 5.56%

126 000 000 000 Give your answer to the degree of
) accuracy stated in the question.
It represents a 5.56% increase.
& )
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. Practice 6

______ 1 Calculate the percentage change of the following examples, clearly stating
B4 if it 1s an increase or a decrease. Round to 1 decimal place if necessary.

a The percentage change from 270 to 60

b The percentage change from 34 to 91

¢ The percentage change from 580 to 2479
d The percentage change from 8452 to 7203
e The percentage change from 54 to 540

f The percentage change from 3160 to 718

2 There are currently approximately 3400000 births per year by girls who are under 17
years of age in sub-Saharan Africa and south and west Asia. It is predicted that the
number would drop to approximately 3 100000 births if all girls in those areas were
to receive a primary school education. Calculate the predicted percentage decrease in
births if all the girls receive a primary school education.

3 It is predicted that the figure given in question 2 would drop even further, to 1400000
births, if all girls in those areas also had a secondary school education. Calculate the
predicted percentage decrease in births if all the girls receive a secondary school education.

AN
Q6
Ly L 4§ Go to mathplayground.com. Scroll down and click on Shopping at Troy's Toys
@ Fraction Decimal Games. Scroll down and under the Percent
and Ratio heading, click on Problem Solving - Percent. e e
4

Reflect and discuss 12

Discuss these issues regarding teenage pregnancies in small groups.
e What would be the implications of such a drop in births?
(Practice 6, question 3)

e Why do you think education would have such an impact on the
number of births by girls under 17 years of age? How would it feel to
be an educated female in sub-Saharan Africa or south and west Asia?

e Do you think that in developed countries ‘education for all’ is taken
for granted?

e If you were to write a headline right now that captured the most
important aspect of your discussion, what would that headline be?

e Share your headlines with the class.




Activity 8 - What the world eats

The quantity, quality and variety of foods that people eat around the
world differ significantly between regions. You are going to look at
the percentage breakdown of the daily diet of different countries and
compare them to the world average.

Search online for ‘what the world eats’ to answer these questions:
https://www.nationalgeographic.com/what-the-world-eats/

World consumption changes

1 What was the average worldwide daily calorie intake in 19617
2 Whatwasitin2011?

3 Calculate the percentage increase. Do you think this is a significant
increase? Why do you think there has been an increase?

4 What category, as a percentage of the total, has increased the most
over the years? Why do you think this is?

Your country compared to the world

1 Find the data for your country. If your country is not listed, your
teacher will tell you a country that has a similar demographic.

2 Is your country’s calorie intake higher or lower than the world
average? Calculate your country’s daily calorie intake as a
percentage of the world average.

3 Discuss with a partner why your country’s calorie intake is higher
or lower than the world average. Summarize three reasons to share
with the class.

4 ook at the changes of your country’s calorie intake over the last
50 years. Pick two categories and calculate the percentage increase
or decrease over the 50 years. What is significant about your
calculations?

.?4 2 Percentages
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Your country compared to other countries

Look at the 22 countries listed on the right side of the webpage. 3 -
Which country has the smallest calorie intake per day? Which has
the highest? Calculate the percentage difference between the two.
Give two explanations for why there is such a difference.

Find the country that has the highest percentage of each category
in their daily diet. Create a table for your results. Did you find any of
these surprising? Why?

Select two other countries that are different to your own country.
Create a table to compare these countries in the way that you think
would best allow the data to be compared. Record all necessary
information in your table.

Based on their daily diet, how do you think the daily life of people in
these countries differs from yours?

What will the future look like?
Calculate the average annual percentage change of daily calorie
intake in a country of your choice.

In 20 years, if your country follows the same trend it has followed
over the past 50 years, what will the daily calorie intake be?

In 20 years, what could be the health implications of this?




Unit summary

A percent or percentage 1s a ratio which can be represented as a
fraction out of 100.

Fractions, decimals and percentages are all equivalent forms that
express the same quantity.

Some percentages, like 50% or 25%, are easier to calculate
because you know the fraction that they represent.

Conversions

N N

A fraction to a percentage A percentage to a fraction

Write an equivalent fraction out Write the percentage as

of 100. Then, write the number a fraction out of 100. Be

using the percent (%) symbol. sure to simplify the fraction
or whenever possible.

Divide the numerator by the
denominator and then multiply

by 100%.

A decimal to a fraction A percentage to a decimal
Say the decimal number using its Divide the percentage by
place value (e.g. ‘35 hundredths’) 100 and write without the
and then write the corresponding percent symbol.

fraction. Be sure to simplify the
fraction whenever possible.

Calculate percentage increase by dividing the amount of increase
by the original quantity. This decimal can then be converted to a
percentage by multiplying by 100%.

Calculate percentage decrease by dividing the amount of decrease
by the original quantity. This decimal can then be converted to a
percentage by multiplying by 100%.
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Unitreview {A7T

Key to Unit review question levels:

. Write down the percentage represented by the shaded section of each grid.
a b C d e

. For each percentage below, draw two grids of different sizes and then
shade the given percentage.

a30% b50% c 75% d18% e 12%

. If you knew what 3%, 8% and 10% of a quantity was, how could you
calculate the following percentages of the same quantity?

a 9% b11% ¢ 21% d18% e 16% f 26% g 77%

. If 20% of a quantity is 30, find the following percentages of
the same quantity.

al0% bd40% ¢ 100% d30% e 4% f 24%

. Convert these fractions to percentages.

a’ b7 c 14 d 3 e 22
10 20 7 12 55
50 60 99 37 1|
. Convert these fractions to percentages, and round to the nearest whole
percentage.
3 8 14 61 7
3 Py ‘w Y% D
f ﬁ E h E o ﬁ . &
st 93 88 '35 ) 100




. Write down the following in all three forms: fraction,
decimal and percentage. Give each fraction in its simplest

form.

a28% bo08 c % d032 e 55%

¢ o 0% h — i 080 i 110%
15 g 0 20 1 . J 0

. Which is the largest number in each of the following lists?
Justify your answer.

a % or 75% or 0.81 b 0.92 or 90% or % C % or 65% or 0.63

1 6
d —0r26%or025 e 0.55 or53%or§

. Which numbers are equivalent in each of the following sets?

12
a o, 25% l, 0.24, 3, 2.4% 24%

bS%,E,OS 50%, , 0.05

. In the 2016 Olymp1cs, the International Olympic Committee
created a ‘Refugee Olympic Team’ to draw attention to
the worldwide refugee crisis. Ten athletes were selected
from four countries to take part in this team. Calculate

the percentage of athletes from the following countries
of origin.

a 5 athletes were originally from South Sudan.
b 2 athletes were originally from Syria.
¢ 1 athlete was originally from Ethiopia.

. There are an estimated 700 million children living
in the world who are of primary school age.
Approximately 70 million of them still do not have
access to education. Approximately what percentage
of primary-age children do not have access to
education?

42 In the United States Senate, 20 senators out of 100
are women. In Canada, 88 women have been
elected to the House of Commons out of 338
members. Which country has the higher percentage
of women in its government house?

.?8 Percentages




Q a What percentage of 50 is 10?
b What is 30% of 20?
¢ 15 is 45% of what number?
d What is 60% of 907
e 40 is 25% of what number?
f What percentage of 80 is 607

‘ Due to the efforts of many charitable organizations, enrollment
in primary education has reached approximately 90% worldwide.
If there are approximately 60 million children still not attending
schools, approximately how many are enrolled in primary schools?

15 Many charitable organizations have worked hard to reduce
child mortality. Since 1990, the number of deaths worldwide
in children under five years old declined from approximately
13 million to approximately 6 million.

a What is the approximate percentage decrease?

b Assuming a constant rate of change, by approximately what
percentage did the number of deaths drop per year?

¢ If this trend continues at the same rate, what would you
predict to be the number of deaths in children under five years
old in ten years’ time?

16 Approximately 780 million people in the world are illiterate. What
percentage is that of the total population? (You found this statistic
earlier in this unit). Of the 780 million, almost 70% are female.
Approximately how many females are illiterate in the world?

17 a Before 2011, a typical Syrian could expect to live to be about
80 years old.
In 2014, during a civil war where millions of people died, life
expectancy in Syria decreased to 56 years old. Calculate the
percentage decrease in life expectancy.

b Due to the civil war, 4 million refugees fled Syria. Some of
these refugees fled to neighboring Jordan, where the population
swelled from approximately 5850000 to approximately 6 500000.
Calculate the percentage increase in the population of Jordan.

¢ Lebanon, another country that took in many refugees, saw
its population increase from roughly 3 million to 4 million.
Calculate the percentage increase in the population of Lebanon.




Pairs

ATL2

. "\‘\'.er.
Summative assessment OC D"’
)

‘You are a refugee’ assighment

You and your partner are refugees and have just arrived in your current city.

You have no money, but the government gives you ‘social assistance’ funding to survive.
Your teacher will tell you the monthly amount that you will receive.

This amount needs to cover all living expenses. Your teacher will also tell you how many
members are in your family and the ages of any children.

You must find a place to live and prepare a monthly budget for rent, food,
transportation, living expenses, clothes and other expenses. As a class, you will create a
list of all of these expenses and every pair will use this list.

This assignment has many different tasks that will require a lot of organization. You
and your partner will need to collaborate well. It will be very important to set up a good

organizational framework to ensure that you can both access all your information easily,
and that it will not get lost.

Once you have read through the assignment with your partner, your first task will be

to create a graphic organizer/diagram or other method to organize all of the different
components in this assignment. The second task will be to create a to-do list along with a
calendar of when each item will be completed.

Think about the following questions:
e How will you organize your information?
e How will you record and keep track of the websites you have used?
e How will you break up the tasks into manageable sections?
e How will you create a to-do list?
e What headings will your to-do list have?
e How will you communicate with each other?

e How will you manage your time so that you do not leave too much work to the last
minute?

Once you have submitted this graphic organizer/diagram and to-do list, your teacher
will provide you with the appropriate platform on a web-based application (connection
through link or email) for you both to work on. Then you will set up the organization
framework that you outlined. If technology cannot be used as the self-management
tool for this assignment, you must still explain how you will organize and store your
documents and information, and how you will manage your time.

Part A - Preparation

1 Find a place to live. You will look for an apartment in a local newspaper or online.
Remember your budget and keep in mind the other expenses that you have!
Once you have found your accommodation, locate it on a map of your city/town.

.8 0 Percentages



2 Find food to eat. Write down a nutritious meal plan for breakfast, lunch and dinner
for seven days. Be specific — don’t just write ‘sandwich’ — consider all the parts of the
sandwich you will need: bread, mustard, tomato, cheese, etc. Use a chart like the one
below to record your meal plan.

Monday

~ Tuesday

- Wednesday

Thursday | Friday | Saturday | Sunday

Breakfast

Lunch

Dinner

Snack

a Once you have an idea of what you will eat in a week,
you will have to calculate the cost of the items. First, create

a grocery list for the food you will need to make the meals
listed in your chart for one week.

Then put the list in a chart with three columns: the food item,
the estimated cost and the actual cost. You will then estimate
how much you think each item costs and calculate the total.
You could create your chart using a spreadsheet so that

you can do the calculations efficiently. To find the real costs,

4 ; . ne,
ou can either search a grocery store’s prices online, or go to

the grocery store.

b Calculate the actual total cost of the groceries.

Consider a field

triptoa
supermarket

as a class, or
individually with
your parents.
Alternatively, use
an online shop to
find the costs of

grocery items.

¢ Calculate the percentage difference between what you estimated the total cost of the
groceries to be and their real cost.

d Explain the degree of accuracy of your results in part ¢. Describe whether or not
your results make sense.

3 Money for other expenses: You will
set up a monthly budget spreadsheet.
A budget tracks your income and your
expenses to help you see how much
money you will have left to save or how
much you will be in debt. The budget is
best created using a spreadsheet, so you
can set up a formula for ‘Income less
total expenses’. This number should be
positive so that you do not go into debt.
Here 1s an example budget spreadsheet.

MONTHLY BUDGET

CATEGORY:

Amount:

Income: (how much you earn)

Expenses: (what you have to pay)

Rent

Groceries (multiply weekly amount by 4)

[Create a row for each expense]

Total expenses: (add up all expenses)

Net Income: (Income less total expenses)




4 As you complete this assignment, you will be recording your thoughts and reactions.
Discuss what struggles you are facing, and your thoughts about how refugees might
survive on this money. You will submit this reflection with your assignment.

Part B - Analysis

1 Using the grocery list based on your meal plan for the week, approximate what
percentage of the grocery list is:

a carbohydrates b protein c fat

2 Compare your grocery list with your country’s nutrition guidelines. How close does
your grocery list match the recommended daily allowances of your country’s nutrition
guidelines?

3 Select one of the days of the week from Part A question 2 and calculate the number of
calories one person will eat in a day as a refugee moving to a new country. To do this,
divide the total by the number of people in your family. Compare this amount to what
a person in a refugee camp eats in a day and what you actually eat in a day. (You
calculated these in the formative assessment task earlier in the unit.)

a Who consumes the greatest number of calories in a day?

b Who consumes the greatest percentage of carbohydrates, protein and fat in a day:
you, someone in a refugee camp, or the refugee moving to a new country?

¢ Did any data in the comparison surprise you? Why or why not?

4 Looking at your monthly budget, calculate each expense as a percentage of the total.
Did any of the expenses surprise you? Why or why not?

Reflect and discuss 13 - Empathy for a refugee

e Were you able to stay on budget? Describe any sacrifices you had to make.
e Were you able to eat nutritiously on the budget? Explain.

e How did the life you created as a refugee differ from the life you live now?
What would it feel like to be a refugee? Explain your answers.

e What recommendations would you make to your city/country to make
life better for refugees who move to your country?
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Self-assessment

Self-management

Throughout this assignment, you have worked on developing your self-management

skills to stay on task and meet the deadlines outlined by your teacher. Using a copy of the
checklist below, reflect on how you were able to manage your organizational skills and
affective skills throughout the assignment. In the first column, rank yourself as 1 (emergent),
2 (capable) or 3 (exemplary) to indicate how each skill has developed. In the next column,
discuss what you did well and what you would do next time to improve each skill.

What would you do next time
to improve this skill? If you think

. Emergent (1) you developed this skill well, list
Skill Capable (2) |40 things you did that helped
Exemplary (3) 9 ¥

your development and would do
again next time.

Meet deadlines of the assignment

e Used a calendar effectively

e Tasks were well spaced out — no cramming/rushing
to complete tasks on time

Create plans to prepare for summative assessments

e (Created to-do lists, followed and updated them

e Prioritized tasks on the to-do list

e Broke down the assignment into manageable tasks

Keep an organized and logical system of information

files/notebooks

e (Created alogical system to organize all
documents/tasks in an effective way (e.g. using
Google Docs effectively)

e Used this system throughout the assignment so all
information was easily accessible to both partners

Select and use technology effectively and productively
e  For organization and collaboration (Google Docs)
e Forresearching information

Practise strategies to overcome distractions

e Turned off social media and email notifications while
working on computer/tablet

o Kept workspace tidy so resources were readily
accessible

Demonstrate persistence and perseverance

e Kept trying and revised plans when things did not
go right

e Learned from making mistakes instead of seeing
them as setbacks




Algebraic expressions

and equations

Nature is full of patterns. In this unit, you will begin to understand
how these patterns can be described using mathematics,
particularly algebra. From art, to history, to urban planning,

many other aspects of life also involve patterns. Where might an
exploration of algebraic patterns in these other areas take you?

l& Orientation in space and time

Eras, epochs and turning points

The history of our planet is sometimes observed as a series
of turning points that can be described and analyzed with
patterns. The Industrial Revolution, for example, brought
with it the invention and application of the combustion engine
where pistons follow a pattern of intake, compression, power
and exhaust. Each phase within the pattern has its own sub-
pattern, which can be described using algebra.

Two centuries later came what is known as The Space
Age. The Space Age began in the 1950s and focused
on space exploration and space technology. Our ability
to send a human to the moon relied on understanding
the relationships between the forces on a rocket and
it's size and mass. Patterns can also be observed
when studying the distances travelled by a rocket

at different speeds. Being able to describe these
relationships algebraically has helped humans not
only look at, but also visit and study, objects in the
night sky.

R



Scientific & technical innovation

Personal and cultural expression

Music is full of patterns. The tempo
of a song is the number of beats per
minute, and this usually follows a e S =

. R i i S S AL ]
consistent pattern. Drummers and - Al SR TS & sy
other percussionists are experts at e AT
following complex patterns. Even
converting music to a digital form
requires representing the music
mathematically. Algebra is used to
capture, analyze and even create
music.

—

— ]
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Artistic beadwork is found in many different cultures around the world. In parts of
Kenya and Tanzania, the Maasai people use beads to represent aspects of their culture
and then create ornate pieces of jewelry with them. These necklaces, headbands and
bracelets are composed of patterns that can be described algebraically.




Algebraic expressions and
equations

Patterns in nature

KEY CONCEPT: LOGIC

0 =

Related concepts: Generalization, Models and Patterns

Global context

In this unit you will use algebra to explore patterns in the natural world,
which is one aspect of the global context scientific and technical
innovation. In order to better understand the patterns around us,

you will need the tools of algebra, such as writing expressions and solving
equations. By the end of the unit, you may begin to wonder if the natural
world is actually more mathematical that it initially appears.

Statement of Inquiry

A logical process helps to model and generalize

patterns in the natural world.

Objectives

e Using correct terminology when analyzing
algebraic patterns and sequences

e Representing patterns in different forms —
diagrams, sequences, tables, words

e Creating and simplifying basic algebraic
expressions
e Generalizing a mathematical pattern using

algebra, and solving applications involving
algebraic patterns

e Solving single-step and basic two-step
algebraic equations

Inquiry questions
o What is a pattern?

What are the different types of patterns?
G How do we model patterns?

How is it possible to model a pattern

and make predictions?

0 Is there a mathematical order to our
natural world?



ALGEBRA

Reflection skills Creative-thinking skills

Consider content: Practise visible thinking strategies
e What did I learn about today? and techniques

e What don’t | yet understand?

e What questions do | have now?
A J

You should already know how to:

e convert between different units evaluate basic exponents and perfect

e perform calculations following the order squares
or operations




Introducing patterns in nature

Can you see what the following pictures all have in common?

While they all represent something in nature, they also have a
pattern that repeats itself. Some patterns are decorative while
others serve an important purpose, like strength or camouflage or
protection. Patterns that you can identify and describe can then
be studied and understood better. Much of the mathematics that
you learn involves establishing patterns and then describing them
using appropriate mathematical notation and vocabulary.

Reflect and discuss 1
e When does something become a pattern, as opposed to just a series
of events?
e What patterns do you notice in your daily life?

e What patterns do you see in nature?

e Give two examples of mathematical patterns in your life.

.88 3 Algebraic expressions and equations
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Sequences

An ordered list of items (numbers, shapes, etc.) is called a sequence.

Items in a sequence are called ferms.

Activity 1 - Looking for patterns

Take a minute to look at each part of question 1. Then, in pairs, discuss
possible answers to each one. Be sure to explain your reasoning.

1 What are the next two terms in each of these sequences?
a 1 3 5 7
b 2 4 8 16

M T W T F

> Q@ = o Qo N

i 100 80 60 40

2 Make up your own sequence and trade with a classmate.
See if you can correctly identify the next two terms in your
classmate's sequence and explain your reasoning.

In question 1 of Activity 1, you may have found that there was
sometimes more than one answer. Whether an answer is correct
or not depends on if it follows the pattern of the letters or numbers.

Patterns

A pattern is a set of items or numbers that follow a predictable rule.
The core of a pattern is the part of the pattern that keeps repeating.

In algebraic patterns, the same mathematical procedure is applied
each time. For example, you might add or multiply by the same
number to determine the next term, or even perform a combination
of different operations.

ALGEBRA g8

Some of the
sequences in
question 1 are
words you will see
in everyday life.




Activity 2 - The core of a pattern

1 Which of the sequences in question 1 of Activity 1 follows an
algebraic pattern? Explain the pattern using words.

2 |dentify the core of the following patterns.

EXEEEXHE .

/'S ed VS o d VS

3 Birds make sounds to define territory, call a mate, scold other members
of the flock, and even beg for food. Their songs and calls follow patterns
that have allowed people to identify birds without even seeing them.
Identify the core of the following patterns in bird calls.

a meeoopeeoomeeoopeeoo... (buzzard)

b jeditjeditjeditjedit... (ruby crowned kinglet)

C zzzzzdzzzzzdzzzzzd... (lazuli bunting)

d pekpekcackcackcackpekpekcack... (Cooper’s hawk)
e tseeewtseeewtseeew... (American robin)

f urrREEErrrurrREEErrrurrREEErrru... (common pauraque)

Is it possible for one pattern to lead to a different pattern? In the
following investigation, you will analyze a pattern of shapes and
look for an algebraic pattern within it.

O Investigation 1-Sequences QLelig

a
b Explain the pattern in words.
C
d

e Determine what the 10th term in the

(&) ?
Draw the next two shapes in the sequence on a copy of the grid below. B

Write this pattern as a list of 5 numbers.

Describe the number pattern in words.
How do you find the next number
in the sequence?

sequence would be, without drawing it.
How do you know?

f What would the 100th term in the sequence be? How do you know?

g Will the number 20 be in this sequence? Explain why or why not.

-

h Draw a different sequence of three shapes that follow the same pattern as the one above.

3 Algebraic expressions and equations



Reflect and discuss 2

e In Investigation 1, which was easier: finding the pattern in the
shapes (b) or finding the pattern in the numbers (d)? Explain.

e What is the minimum number of shapes needed to establish a
definite pattern? Explain.

Recognizing a pattern and being able to describe it are two very
important skills in mathematics. You can describe a pattern
using words or even mathematical symbols; mathematicians
call this ‘generalizing a pattern’. It is better to be specific in your
description, so instead of saying ‘the numbers get bigger’, try to
say something like ‘the numbers increase by 2 every time’.

When you generalize a pattern, try to be very precise about
how the numbers relate to one another. For example, when
the difference between terms is always the same, it is called a
linear pattern.

Practice 1

1 a Draw the next two shapes in the sequence below.

000 000 9009
000 000
b

b Explain the pattern in words.

¢ Write this pattern as a sequence of five numbers.
How do you find the next number in the sequence?

d Is this a linear pattern? Explain.
e If one of the shapes has L leaves in it, how many leaves will there be in the next shape?

f Determine what the 10th term in the sequence would be, without drawing it.
How do you know?

g Will the number 30 be 1n this sequence? Explain why or why not.

P Continued on next page
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2 a Draw the next two shapes in the sequence below.

A5 4 A £ b b A4 Ak £k
| | | | | [ | { {
A8 %N

b Explain the pattern in words. How do you find the next number in the sequence?
¢ Is this a linear pattern? Explain.

d Determine what the 30th term in the sequence would be, without drawing it.
How do you know?

e If one of the shapes has w water droplets in it, how many droplets will there be in
the next shape?

f Will the number 40 be in this sequence? Explain why or why not.

3 a Draw the next two shapes in the sequence below and explain the pattern in words.

b Determine what the 26th term in the sequence would be, without drawing it.
How do you know?

¢ Will the number 409 be in this sequence? Explain why or why not.
d Write a rule to find the next term of the sequence if you know the one before it.

4 Draw a pattern for the first three terms in each of the following sequences.
Then draw the next two shapes in each pattern.

a3 711 b 1,925

5 Maria starts the pattern below. She stays up all night and falls asleep after
finishing the 914th term. What shape was it?

-92 3 Algebraic expressions and equations
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I Reflect and discuss 3

e What did | learn about today?
e What don’t | yet understand?

e What questions do | have now?

Go to learnalberta.ca. Choose English as T
your language. Under the Find Resources

heading, select Mathematics, Grade 6 and

enter the keyword ‘Exploring Patterns’.

Click on the Exploring Patterns link on the

right of the screen to open the resource

‘It's a Bit Nutty!'. Follow the instructions la™

and complete the activities. 082, 90 .

Representing patterns with expressions

When a pattern is generalized in mathematics, an expression is
written that uses operations and numbers instead of words.

This requires being able to use the correct mathematical notation,
vocabulary and/or symbols. Translating between words and
mathematical symbols is another important part of algebra.

%

Activity 3 - The language of operations

Create a table with five columns to represent each of the five mathematical operations
below (in blue), and then put the words in the correct column. Add one extra word for
each column if you can.

+ = X = =

added to plus divided by | is “multiplied by | per

times | less than | ﬂy equals | quotient | 9‘)
greater than J minusJ more than J take awayJ :fgifferencé_ '

=4

.
o i

e

goes into l M) sum decreased byJ




An algebraic expression consists of variables (typically letters),
numbers and operations. Examples of algebraic expressions are:

4y t—10 n+2 3w+5

When using algebraic letters, the multiplication symbol X is not
generally used, to avoid confusion with the letter x. To describe
multiplication, you simply write a number and a letter together
and put the number first with no operation symbol (e.g. 3w).

Instead of the division symbol (+), a fraction bar 1s used (e.g. %) )
Some algebraic expressions and their meanings are:
y+ 7 =‘anumber plus seven’

3m = ‘3 times a number’

4q — 8 = ‘8 less than four times a number’

d

5 = ‘a number divided by 5’

§+ 2 = ‘two more than a number divided by 6’

. Practice 2

1 Translate each of the following phrases into a mathematical expression.
Use whatever letter or symbol you like for the original number.

a 3 times a number

b a number increased by 7

¢ a number multiplied by 5

d 12 more than a number

e a number reduced by 13

f the sum of a number and 60
g a number divided in half

h a number added to 17

i a number divided by 43

j 8 divided by a number

P Continued on next page
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k 5 decreased by a number

| the product of 15 and a number

m a number multiplied by 4, then decreased by 26

n 8 times a number, then added to 3

o 7 added to a number, then the total multiplied by 4
p 20 divided by a number, then reduced by 11

2 Translate the following symbols back into words (For example: ‘seven times
a number’). Try to use different mathematical words as much as possible.

ah-1 bp+ll ¢ 14y d% e g—12
12 '

f20-c g-— hL+7 i 8w-9 j2-3t
m 20

Reflect and discuss 4

e What did | learn about today?
e What don’t | yet understand?

e What questions do | have now?

In order to generalize a pattern, you need to figure out the
relationship between successive terms. It 1s sometimes helpful to
draw circles between the numbers to study the pattern. You can
then fill in the circles with the pattern that you notice.

Example 1

@ Find the next term in the sequence that begins 1,5, 9, 13,
and generalize the pattern using a mathematical expression.

A 2 (2 4
/Q/\/ }t- +/g The numbers go up by 4 each time.
1 5 9 13

Q@@ﬁi Since this linear pattern adds 4 to
1 5 9 13 17

each term, the fifth term would be 17.

The general pattern is n + 4, where n is the previous term. J
\.




We can generalize how to find the next term in a sequence by
writing an expression called a ‘pattern rule’. One type of pattern
rule describes how to find a term based on the term before it. In
Example 1, the pattern rule is z + 4, since every term comes from
adding four to the term before it (7).

. Practice 3

1 For each of the following sequences, find the next term and the

pattern rule based on knowing the term before it. (For example: e

the mathematical

n—2 or6n.) operations +, —,

a 32,38,44, ... b 103, 98, 93, . .. and x, but make
sure you represent

3,927, ... d 250, 50, 10, ... division as a fraction.

e 2,8, ,32,... f 17,26, 35,44, ...

g 200, 100, 50, 25, . .. h 40, 400, 4000, . . .

2 Your body is made up of many cells. As you grow, your body
makes new cells by the process of cell division. So, you start
with one cell and it divides to become two. Then each of the
two cells divide to become four, and then they divide to
become eight, and so on.

a After 1, 2, 4, 8, how many cells will there be in the next
three stages of cell division?

b If there are 512 cells, how many stages have occurred?

¢ Is this a linear pattern? Explain.

P Continued on next page
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3 There is a common belief that animals get an average of 1 billion heartbeats
in their lifetime. You will use the table below to verify whether or not this
belief is true.

Animal Heart rat'e (beats Ayerage approx. Lifetime
per minute) lifespan (years) heartbeats
Pig 70 25
Rabbit 205 9
Horse 44 40
Hamster 450 3
Monkey 190 15
Whale 20 80
Elephant 30 70

a Find the lifetime heartbeats for each animal. Is the common belief true, that
animals get approximately 1 billion heartbeats in a lifetime?

b Find the rotal of the lifetime heartbeats and divide this by 7, the number of
animals in the list. This will give you the average lifetime heartbeats for this
group of animals.

¢ Based on the number you found in part b, if a cat lives for
approximately 15 years, what 1s its approximate heart rate?

d Humans have a heart rate of 60 beats per minute and live for
approximately 70 years. Do they follow a similar pattern in terms of
lifetime heartbeats?

4 The San Andreas fault is the boundary between
two tectonic plates that are part of the Earth’s crust. .
When the plates move, it causes earthquakes, such P i
as the devastating San Francisco earthquake of '
1906.

a If the fault moves roughly 3.5 cm every year,
write a sequence that represents the total
movement of the fault over the first 5 years.

b Write the pattern rule to represent how to find a
term, given that you know the one before it.

¢ Is this a linear pattern? Justify your answer.
oS Angeles =

d Scientists believe that the fault was formed
approximately 28 million years ago. How far " san Diego
has the fault moved in total since it was formed? \




g Reflect and discuss 5

e What did | learn about today?
e What don’t | yet understand?

e What questions do | have now?

There is a type of pattern rule which allows you to find any term in a
sequence without knowing the previous term. Instead you substitute the
term’s position number into the rule. For example, if you want to know
the 12th term in a sequence, you substitute the number 12 into the rule.
Substituting a number into an expression is sometimes referred to as

‘finding the value of an expression’.

Example 2

@ Here is the beginning of a sequence.
2,4,6,8,10,...

the term in the sequence.

writing more terms.

a Find the pattern rule based on the position of

b Determine the 12th term of the sequence, without

¢ Determine the 150th term of the sequence.

0 a | Term position (p) 1 2

Draw a table that includes the

Term (t) 2 4 6 8

10

term positions and the terms.

and p is its position in the sequence.

bt=2p
=2x12
=24
The 12th term is 24.
¢ t=2%x150
=300

The 150th term is 300.

The pattern ruleis t =2p, where tis the term

You could use any letters that you like.

To find the 12th term, substitute 12 into your rule.

To find the 150th term, substitute 150 into the rule.
-
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. Practice 4

1 Substitute the given number into each expression to find the
value of the expression.

a x+7,whenx=3 b 54, whena=12

¢ ¢—10, when c=23 d 9¢, whene=4

e %,Wheny:42 f §+13,wheng=8

g 6w—1,whenw=11 h 4x—2, when x=15

i 2¢+9, whene=4 j 15+%,Whenz=64

k 12+ 7b, whenb=9 | 4x—2,whenx:%

m £ 1 whenf=2 n "7 whenm=19
4 2 2

2 Orb spiders create webs that are nearly
circular, with every new row almost exactly
the same distance away from the previous one.
No one is sure why they use such precise
measurements, since they don’t seem to catch
more prey than spiders that spin webs that
don’t follow this pattern.

As an orb spider spins its web, the number of
segments increases. After one complete trip
around (cycle), there are 13 segments. After
the second cycle there is a total of 26 segments.
By the end of the third cycle there are

39 segments in total.

a How many segments will there be in total by
the end of the 4th, 5th and 6th cycles?

b Is this a linear pattern? Explain.

¢ What is an easy way to calculate the total
number of segments after any cycle?

d If the number of cycles 1s ¢ and the number
of segments 1s s, how can we represent this
pattern mathematically?

e How many segments will there be after the
20th cycle?

P Continued on next page
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3 As the orb spider adds more segments, the radius of the area
where prey can be caught increases. The distance between any
two rows is roughly 2 cm.

a If the number of rows 1s 7, write a rule to determine the
radius 7 of the area where prey can be caught.

b Is this a linear pattern? Explain.
c Ifthere are 11 rows, what is the radius of the web?

d If the radius of the web is 30 cm, how many rows are there?

@=m 4 When a thunder and lightning storm approaches, you can
= calculate approximately how far away the storm is (in miles)
M» by counting the time (in seconds) between seeing the lightning

and then hearing the thunder. The table below shows the
relationship between the seconds counted and how far away
the storm is.

Seconds counted 5 10 15 25 30
Distance from storm (miles) 1 2 3 5 6

a How can you calculate how far away the storm is after
counting the seconds between seeing the lightning and
hearing the thunder?

b If the time (in number of seconds counted) is represented
by the letter ¢, write an expression that will calculate the
distance d of the storm in miles.

¢ Ifyou are 10 miles away from a storm, how many seconds would you
expect to count between the seeing the lightning and hearing the thunder?

) Reflect and discuss 6

e What did | learn about today?
e What don't | yet understand?

e What questions do | have now?
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Patterns as functions

Here is the Magic Math Machine.
A number (input) goes in one end, the machine applies
a math rule to it, and a number comes out of the other
end transformed (output). The machine will always
apply the same rule to any number you put in.

,,,,,,,,,,,,,

Say you input 1 into the machine, and 5 comes out.
What could the rule be? There are two possibilities that involve
only one operation:

e add 4 to the input
e multiply the input by 5.

Which rule 1s correct? Check by inputting another number . If
you input 2, the number 10 comes out. Which rule works for both
input numbers?

You can find the output by multiplying the input by 5.
This can be written as 57, where 7 stands for input.

You can also write this as o = 57 since the value of the
output o is equal to 5 times the value of the input 7.

Activity 4 - Function machines

Search online for ‘Math Playground Function Machine’ and select the
game. Choose the Beginner level then click on Computer Decides
Input and use the function :

machine to generate input
and output numbers.
When you think you have
determined the rule for
the function, type it into
the calculator to see if you
are correct.




. Practice 5

1 Some of the input and output values for a number of
function machines are shown in the tables below.
For each machine, find the rule. Explain whether or
not the pattern is linear and find any missing values.

a Input | Output b Input | Output c Input | Output d Input | Output
1 4 1 2 1 6 1 11
2 8 2 4 2 7 2 12
3 12 3 6 3 8 3 13
4 16 4 4 4
100 400 100 100 100
€ Input | Output f Input | Output 9 | Input | Output h Input | Output
1000 500 40 37 1 6 4 12
800 400 39 36 2 6
600 300 38 35 3 18 10 18
400 37 4 15
50 11 50 300 30 38
i Input | Output j Input | Output k | Input | output In parts i, j, and k,
1 3 1 7 1 2 there are two
2 5 2 12 2 5 operations
3 7 3 17 3 8 involved.
4 4 4
100 50 100

2 According to various sources and studies, you can estimate the outside
temperature by counting the chirps of a certain cricket!

One study found that when the temperature is 70° F, the cricket chirps
30 times in each time period of 14 seconds. When the temperature 1s
80° F, the cricket chirps 40 times in the same period. And when the
temperature is 85° F, the cricket chirps 45 times in the same period.

a Set up a table with two columns; one for the temperature in
Fahrenheit and other for the number of chirps per 14 seconds.

b What is the relationship between the temperature and the number
of chirps the cricket makes in the given time period? Write it as a
mathematical rule.

¢ Is this a linear pattern? Justify your answer.

.102 3 Algebraic expressions and equations
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3 The relationship between temperature and cricket chirps can also be
studied using degrees Celsius, but it is more difficult to determine
because it is a two-step process that involves division and addition.
When the temperature is 19° C, the cricket chirps 45 times in a
25-second period. When the temperature 1s 21° C, the cricket
chirps 51 times in the same period. And when the temperature
1s 24° C, the cricket chirps 60 times in the same period.

a Set up a table like you did in question 2.

b What is the relationship between the temperature in degrees
Celsius and the number of chirps the cricket makes in the
given period? Write the relationship as a mathematical rule.

¢ Is this a linear pattern? Explain.

Reflect and discuss 7

e What did | learn about today?
e What don’t | yet understand?

e What questions do | have now?

Equations

In the previous section, you saw that you can write the rule for a function
machine as, for example, o = 5i. This is referred to as an equation, since it
relates two things that are equal. You may have already written statements
like 2 + 3 = 5, which is also an equation.

What if you were given the function rule 4z as well as the output 12?7 How
would you find the input? This, too, can be represented as an equation:

dn=12

An equation is a mathematical sentence where both sides are equal. There are
many different kinds of equation, but they all have one thing in common:
two sides are separated by an equals sign.

Some equations have a missing value or number that you have to find. You can
write the missing number (or variable) as a question mark, box, letter, or any
symbol at all. When you find the missing value, we say you have solved the equation.

For example:
3+7=5

The question mark must have a value of 2 to make the equation true.




Activity 5 - Solving equations

@ Solve each equation, where each missing value is represented by a starfish image.

-
Pairs |f4+*:11 then*z—
|f25—4=* then*=

-

|f5><${=2o then-¥=7
If*—4=9 then*=
If5+*=14—6 then*=_
If6><2:3><* then*=_
If5+4:* then3><*=_
If-¥—6=14 then4x-¥=_

Reflect and discuss 8

e What process did you use to solve the equations in Activity 57?

e How can you check to see if your answers are correct?
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Centipedes and millipedes are often mistaken for one another.

Both have segmented bodies and share a similar classification in B,C,D
biology (kingdom: animalia, phylum: arthropoda, subphylum: myriapoda).

One of the differences that you will explore is the relationship between their
body segments and the number of legs they have. Centipedes have one pair
of legs per body segment, while millipedes have two pairs.

Typically, a centipede has one pair of legs per body segment,
not including the head. Here is a basic diagram of a centipede.

Did you know..?

The number of legs that
centipedes have varies
from 30 to over 300.
As they always have an
odd number of pairs of legs,
there are no centipedes with
a Draw a diagram of a centipede with 6 body segments. exactly 100 legs!

Draw another centipede with 7 body segments.

b Create and complete a table similar to this one.

Number of body segments | Number of legs
3

4
5
6
7

¢ Explain the pattern in words. (Look at how many legs are added
each time you add a body segment.) Is this a linear pattern? Explain.

d How can you calculate the number of legs if you know how many body
segments there are? Write your rule as an algebraic equation.

e Using your rule, determine how many legs a centipede with 11 body
segments would have.

f Using your rule, determine how many body segments there would be if
the centipede had 58 legs.

g Explain the degree of accuracy of your answers in parts e and f.
Describe whether or not your results in e and f make sense.

h What does the word centipede mean? How many body parts would a centipede
have to have to be a 'true' centipede? Are there any centipedes with

this many legs?
yleg P Continued on next page
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Typically, a millipede has two pairs of legs per body segment,
not including the head or the last body segment. Here is a basic
diagram of a millipede.

a Draw a diagram of a millipede with 6 body segments.
Draw another millipede with 7 body segments.

b Create and complete a table similar to this one.

Number of body segments | Number of legs
3

4
5
6
7

c Explain the pattern in words. Is this a linear pattern? Explain.

d How can you calculate the number of legs if you know how many body
segments there are? Write your rule as an algebraic equation.

e Using your rule, determine how many legs a millipede with 10 body
segments would have.

f Using your rule, determine how many body segments there would be if
the millipede had 76 legs.

g Explain the degree of accuracy of your answers in parts e and f.
Describe whether or not your results in e and f make sense.

h What does the word millipede mean? How many body segments would
a millipede have to have to be a 'true' millipede? Are there any millipedes
with this many legs?

Solving equations is one of the most important skills in mathematics.
Many situations produce equations that will allow you to find the
value of an unknown quantity. Equations, in fact, are some of the
most powerful tools in mathematics for describing patterns and then
making predictions.
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Example 3
@ Solve the following equations.
a m+7=10 b 5k=20 c L=y
10
e am+7=10 If a number plus 7 equals 10, then that number is 3.
m=3 Notice that this is the same thing as 10 — 7.
b 5k=20 I
k=4 5 times a number is 20, thus the number is 4.
¢ 2= |
10 a Since p divided by 10 is 4, then p =40 (because 40 + 10 = 4).
p=40
g J

With basic algebraic equations, you might be able to see at a glance what the
missing number is, as in Example 3. If you cannot, it is good to have a process
to follow that will work regardless of how difficult the algebraic equations are.
To solve an algebraic equation, the end goal is to have the variable all on its
own on one side of the equation and everything else on the other side.

To maintain balance, whatever operation you perform on one side of an
equation must be performed on the other side as well.

For example, 2x + 10 could be explained as ‘I am thinking of a number,
I double it, then add 10’. So, in order to figure out what the number is,
you need to do the opposite: subtract 10 then divide by 2.

Example 4

@ Solve the following equations.
a 5x+13=28 b

Qa

5x+13=28
5x+13-13=28-13
5x=15
5x 15
5 5
= x=3
b ¥ -7-12

——74+7=12+7

I
—
©

X3 =19%x3

T W|T W|T W|T w

I
9]
~N

Y _7=12
3

Subtract 13 from each side. The equation is still balanced.

Divide each side by 5.

Add 7 to both sides.

Multiply both sides by 3.

Y



. Practice 6
1 For each equation, determine which solution is correct.
ax+11=25 x=14 orx=36
b 12y =48 y=36o0ry=4
c i+34=52 i=22o0ri=18
df-30=4 f=26o0rf=34

e %:2 d =200 or d= 500
f%:S m =30 or m=65
gk-17=18 k=lork=35
h 3a=75 a=350ra=25

2 Solve the following equations. Explain in words how you arrived
at your answer.

ag+4=19 b 9¢=72 ¢ r—12=20
d%:ZS e 6c=48 fy-9-16
g;=5 h u+15=21 i 11x=88

3 Which of these equations have the same solutions?

am+9=11 b 8=72 c V-13=3
h e

d§—3 eb—4—5 f§—2

g 10c=20 h L+18=27 i 4r=8

j U-18=20 kg%:z | Y+30=232

P Continued on next page
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4 Bees make a honeycomb in order to house their queen and
to store honey. Worker bees can make a comb in as little
as 7 days, or as long as 2 months, depending on the size.
Honeycombs are made up of small hexagons (six-sided
shapes) all packed together so there is no empty space.

A honeycomb is started with 10 hexagons on day 1,
and a dozen hexagons are added on each subsequent day. Q /’

D)

a Create a table for the number of hexagons in the
honeycomb for the first 10 days.

b Write down an equation to determine the number of
hexagons /% in the honeycomb after d days.

¢ Use your equation to find how many hexagons will be
in the honeycomb after 30 days.

d Use your equation to find how many days it will take
before there are 240 hexagons.

5  ‘Frost flowers’ form in the Arctic
on very thin sea ice when the ice
is at least 15° C warmer than the
surrounding air. The number of frost
flowers in a local area as time passes
1s represented in the table below.

Time (minutes) | Number of frost flowers
1 250

251

252

253

254

255

U |~ |WIN

a Write down an equation to determine the number of
frost flowers fafter  minutes.

b Use your equation to find how many frost flowers
there will be after two hours.

¢ Use your equation to find how long it will take before
there are 1000 frost flowers.

P Continued on next page

g



6 The circumference of a tree trunk increases with age.
The eucalyptus tree, indigenous to Australia,
has a basic linear pattern connecting the
circumference to the age of the tree.

If someone wants to estimate the age

of a eucalyptus tree, they just need

to measure the circumference of the tree
(at about shoulder height).

Look at the following table:

Circumference (cm) Age of the tree (in years)
3.14 1
6.28 2
15:71 5
31.42 10

a Explain the pattern in words.

b What is an easy way to calculate the age
of the tree?

¢ If the circumference is ¢ and the age of the
tree 1s a, how can you represent this pattern
as an algebraic equation?

d How old 1s a tree with a circumference of 62.83 cm?

e What would the circumference of a 50-year-old tree be?

Reflect and discuss 9

e What did | learn about today?
e What don't | yet understand?

e What questions do | have now?

110 3 Algebraic expressions and equations




Unit summary

An ordered list of items (numbers, shapes, letters, etc.) is called a
sequence. Items in a sequence are called terms.

A pattern is a set of items or numbers that follow a predictable rule.
The core of a pattern is the part of the pattern that keeps repeating
over and over.

ok ok ok ok Kk ok

Core |

In algebraic patterns you apply the same mathematical procedure
each time. For example, you might add or multiply by the
same number to determine the next term, or you might need a
combination of different operations.

You can describe a pattern using words or mathematical
symbols. Mathematicians call this generalizing a pattern.

In order to generalize a pattern, you need to figure out the
relationship between the terms.

When the difference between terms is always the same, it is called
a linear pattern.

The pattern rule describes how to find a term. The term can be based on
the position of a term in the list or on knowing the term before it.

An algebraic expression consists of variables (typically letters),
numbers and operations. When using algebraic letters, we do not

use the multiplication symbol X, to avoid confusion with the letter x.
When we want to describe multiplication, we write an algebraic letter
and a number together and put the number first with no operation
symbol, for example 7/ means ‘7 times h’.

An equation is a math sentence where both sides are equal.
The two sides are separated by an equals sign.

Solving an equation involves performing the same operations on both
sides of the equals sign until the variable is isolated. These operations are
the opposite operations of those in the original equation.

This can often reveal an underlying pattern.

7 7 [ 7

W N
75 68 61 54 47




Unit review

OA9

Key to Unit review question levels:

Level 1-2

'Level 3-4

Level 5-6 Level 7-8

1 What are the next two terms in each of the

following sequences? Explain your reasoning.

a >
b 1
31
d 96
e 10

(o]

2 Identify the core of the each pattern

b

10

6
28
48
20

20
11
31
24
30

40
16
30
12
40

80
21
31

6
50

Not all sequences follow

a mathematical pattern.

S In part ¢, look carefully
at the numbers and

- think about what might

come in groups of 31,

30, etc.

L 4

PHDIDDD

3 Translate each of the following phrases into a mathematical expression.
Use whatever letter or symbol you like for the original number.

a 28 divided by a number

¢ 4 more than a number

e A number added to 12

g 6 less than a number

b A number decreased by 4
d 17 times a number
f A number multiplied by 13

h 3 more than twice a number

4 Translate these mathematical expressions back into words.
b 63

a 4x

cy—15

doél+z e 3x+7

-1 12 3 Algebraic expressions and equations
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Substitute the given number into each expression to find the value of
the expression.
x+4

a x— 12, when x=20 b 15— 3x, whenx=2 C , When x =20
) Solve each equation.

ax+25=40 b 7x=56 ¢ m—10=11 d§=3

e 9b=63 f w-14=6 g h+52=61 hz-19=21

i %:15 j 12x=96 k m+25=44 | .?;.:7

mg—-15=23 n 5y=55 0a-71=43 p36-x=12

a Draw the next two shapes in the sequence below.
Explain the pattern in words.

| e
o & e
a8 e eee eee
e e

)
b Determine what the 10th term in the sequence would be,

without drawing it. How do you know?

¢ Will the number 78 be 1n this sequence?
Explain why or why not.

d Write down a rule to find the next term of the sequence
if you know the one before it.

a Draw the next two shapes in the pattern and explain the pattern in words.

b Determine what the 20th term in the sequence would be, without drawing it.
How do you know?

¢ Will the number 46 be in this sequence? Explain why or why not.

d Write down a rule to find the next term of the sequence if you know
the one before it.




9 ' a Draw the next two shapes in the pattern below and
explain the pattern in words.

& ¥ & §F F

b Will the number 100 be in this sequence? Explain why or why not.

10 On squared paper, draw a pattern for the first five terms in the sequence that
begins 2, 6, 10, ....

11 Solve these equations.

a2x+10=16 b 7

E:
4
c 20-2g=4 d‘ll_f+23=15

12 Monarch butterflies are native to North America. They cannot survive
the cold winter months of northern US and Canada so they migrate to
southern California and Mexico. They use the Earth’s magnetic field
to help them travel an astonishing 3000 miles in some cases. On the
first day they travel 75 miles. By the end of the second day they have travelled 150
miles. After one week, they have covered 525 miles.

a Write down an equation relating the number of days d and the number
of miles travelled m.

b How long does it take a Monarch butterfly to travel its entire journey of
3000 miles?

¢ If a Monarch butterfly has a lifespan of 6 to 8 months, what fraction of
its life 1s spent in migration?

-114 3 Algebraic expressions and equations
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14

15

Use the three equations below to determine the value of the snail,
the dragonfly and the ladybug.

Gad - G ot -0
u+ Sk + e =40
>~ - -

Then use the equation below to check your answer.

M# > + i =35

Hawksbill turtles travel great distances to return to nesting
sites to lay their eggs. A single female hawksbill can lay up
to 200 eggs in one nest, called a clutch. In the

first 3 seconds, 7 eggs are laid. After that, one
new egg is laid in the clutch every second.

a Starting at 3 seconds, create a table
for the number of eggs in the clutch
during the first 10 seconds.

b Write down an equation to represent the
relationship between the number of eggs
e and time ¢, when ¢ > 3.

¢ Use your equation to find how long it will take for 200 eggs to be laid.
d Use your equation to find how long it will take for 153 eggs to be laid.

HaWKSbﬂls’ like mOSt turtle.s, lay th_eir eggs Time (seconds) | Number of hatched eggs
in a chamber which they dig out with their 1 >
flippers. Newly hatched hawksbills are not 3 p
strong enough to dig themselves out of the 10 20
chamber so, as eggs hatch, they stimulate 15 30

other eggs to hatch. The group of hatchlings
can then dig themselves out together. The
number of hatched eggs as a function of time
is represented below.

a Write down an equation to represent the relationship between the number
of hatched eggs ¢ and the elapsed time .

b Use your equation to find how long it will take for all 200 eggs to hatch.
Write your answer in minutes.

¢ How long will it take for 80 eggs to hatch?




Summative assessment atery
¢
In this task you will discover a famous sequence that occurs all B,C,D

around us. You will then research where you find this sequence and
other special relationships that are based on the pattern of

this sequence. On completion of this task, you can then decide if
there 1s mathematical order in our natural world.

You will create a report presenting all your answers and submit this
to your teacher.

Part A - Discovering the pattern

1 Here is the beginning of a sequence. Can you figure out what
the next four numbers will be?

1,1,2,3,5,8, ...
2 Explain the pattern in words.

3 Check to see if your pattern is correct. Verify whether or not
the following statements are true.

a 610 is in the sequence.
b 370 is not in the sequence.
4 There are other interesting patterns within this sequence.
a Write down what you notice about:
i every 3rd number in the sequence
ii every 4th number in the sequence
iii every 5th number in the sequence.
b Find a pattern of your own within the sequence.

¢ From the sequence, take any three consecutive numbers
(e.g. 1,1,20r 3,5, 8). Copy and complete this table to see a pattern.

Pick any 3 consecutive Multiply the 1st and Multiply the middle | Calculate the difference
numbers in the 3rd numbers together. number by itself. between the second
sequence. and third columns.

d Generalize this relationship with words or symbols.
Verify the relationship with two more examples from the sequence.

-1 16 3 Algebraic expressions and equations



5 This is a very famous sequence. What is it called?
Why is it called that? When was it discovered?

Part B - This pattern in nature

1

The sequence in Part A was originally discovered while observing
how generations of rabbits breed. L.ook at this scenario to see the
pattern.

Suppose you start with a newly-born pair of rabbits: one male
¢ and one female. Rabbits are able to mate at the
‘ age of just one month, and pregnancy takes just
one month. Thus, at the end of the second
month the female can give birth to another

pair of rabbits.

Suppose that none of your rabbits ever die and
that each female always gives birth to one
new male—female pair every month from the
second month on.

At the end of the first month, the rabbits mate
but there is still only one pair. At the end of
the second month, the female gives birth to
a new pair, so now there are two pairs of rabbits. At the end
of the third month, the original female gives birth to a second
pair, making three pairs in all. At the end of the fourth month,
the original female has produced another new pair and the
female born two months ago produces her first pair, making
five pairs.

a Draw a diagram of this sequence for o
w,

the first six months.

b How many rabbit pairs will there
be after one year?




2 This very famous pattern is often found in nature. Below right is
a diagram of the sneezewort plant shown in the photo on the left.

If we draw 1n horizontal lines to indicate the growth cycles
of this plant, we can see how its stems relate to the famous
sequence. Using the diagram, explain how this sequence can
be found in the sneezewort plant.

3 Now take a look at this pinecone.

a How many spirals turn left? (The yellow lines
have been drawn to help you.)

b How many spirals turn right? (Try taking a pencil
and tracing the spirals to help you count.)

¢ What do you notice about these spirals if you compare
them to the famous sequence you discovered?

If available, your teacher might bring in real pinecones for
you to analyze to see if all pinecone spirals form the same
patterns.

4 This interesting behavior is not only found in pinecones.
Fruit, leaves, branches and petals can grow in spirals that have
a connection to this famous sequence, too. Research five other
examples in nature that have a connection to this famous
sequence of numbers.

a Copy and paste a picture of each of these into your report
and explain its connection to the numbers in the famous
sequence. You may even find your own examples and
take a photograph.

b Why do you think so many natural objects contain these
numbers from the sequence? Research the answer and
include the explanation in your report.
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Part C-Relationships between this famous
sequence and a special ratio

1 Create a copy of the table here and add five more rows to it.
Take your list of the sequence and complete columns F and S.
Note that the sequence in column S starts with the second term
of the original sequence. The last column is for writing down
the calculation S + F, which gives the ratio of successive terms.

2 What do you notice about the number in the third column
as you go down the table? This special number has a name.
Research it and give a brief description of this ratio.

3 Where is this ratio found in the natural world?

4 What is the significance of this ratio?

Reflect and discuss 10

Is there a mathematical order to our natural world?

oluniw | N |—= |0

oW N |(==]T




Geometric

constructions

The angle is one of the fundamental elements of geometry,
and its applications in mathematics are endless. In this unit,
you will study angles through the global context of personal
and cultural expression. What would a study of angles look
like in other contexts?

l@ Identities and

Health & well-being

When a patient is injected with medicine, the needle is
inserted at a specific angle in order to reach the right spot.
Injecting medicine in to the wrong layer may result in the
vaccine or medicine not working.

relationships

Radiation therapy also relies on angles. Doctors need to
adjust the angle at which radiation is administered so that the
patient does not receive a double dose in some spots. Too
much radiation can cause problems, rather than solve them.

A new health concern, called “text neck”,
has been identified because of the angle of
your neck while you use a device such as a
smartphone. While the exact repercussions
of this new behaviour have yet to be
determined, it is assumed that, as they get
older, some people will develop neck pain
and other complications.

S



& Scientific & technical innovation

Modernization and engineering

Airplane designs differ more than

you might think. Some planes have a
more “tail dragger” angle while others
have a “tricycle undercarriage”. Pilots
have to be very aware of the angle at
which they take off in order to avoid
“tail strike” - when the tail of the
plane rubs against the runway upon
take-off.

i

i
&

t
In the past, buildings tended to have a shape that resembled a rectangular prism.
Advances in engineering have allowed a more creative use of angles to give buildings a
distinctive style, as well as increase safety.




Geometric constructions
Artistry and creativity

KEY CONCEPT: FORM =

Related concept: Measurement

Global context

In this unit you will learn about different angles and explore the
relationships between them as you express your artistry and creativity
and explore the global context of personal and cultural expression.
From art to architecture, you will use mathematics to analyze and create
artistic forms of expression, leaving you to answer whether art is more
inspiration or calculation.

Statement of Inquiry
Artistry and creativity are enhanced through an
understanding of how measurement helps to define forms.

Objectives Inquiry questions
e Naming and classifying different geometric What is a line?
elements (point, ray, line, segment) What can be measured?

e Naming and classifying the different types

of angle G How do measurements help define

e Constructing and measuring angles different forms?

e Solving problems using the various angle
properties, including the angles in triangles 0 Is art more inspiration or calculation?

e Naming and classifying the different types
of triangle
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GEOMETRY & TRIGONOMETRY #

IATLIT Information literacy skills ATL2 Transfer skills

Use memory techniques to develop Make connections between subject
long-term memory groups and disciplines

You should already know how to:

e write an equation with one variable
e solve single-step equations
e use aratio to find an unknown quantity

e find a fraction of a number
e find a percentage of a number




Introducing geometric constructions

Cubism was an art movement that began in the early 1900s.

Pablo Picasso (1881-1973) was one of the most famous cubists,
influencing the work of other artists for decades. Vasily Kandinsky
(1866—1944) combined cubism with abstract art to create paintings
like Composition VIII, shown below.

Reflect and discuss 1

In a small group, answer the following questions.
e What do you see when you look at Kandinsky’s painting?
e Why do you think this style of art is called cubism?

e Why do think some people say that mathematics influenced the
cubist movement?

Rays, line segments and lines

In mathematics, a point is a location and it is represented as a dot. P
Points are usually indicated with a capital letter, like the points . .Q
P, Q and R here.

Other basic elements of geometry are based on one or more
points, as you will see in Activity 1.

.124 4 Geometric constructions
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Activity 1 - Rays, line segments and lines

Here are some examples of rays, line segments and lines.

Rays Line segments Lines
A B g S
H
= N
e ™ J
D \
.1/
/’/
4 o P
' < > - >
C
5
8 \
= q
\\‘\\ - o
wE K L

1 What are the similarities between rays, line segments and lines?
2 What are the differences between them?
3 Based on your observations, write down a definition of:

a aray b aline segment c aline.

a Reflect and discuss 2

Pairs  |n pairs, answer the following questions.

e Where do you see a point, line, line segment and/or ray in
Kandinsky’s Composition VIl painting, shown on page 1167

e For those elements that you could not find, how would Kandinsky’s
work have to be changed in order to see them? How do you think
that would affect the overall impact of the work?

A line 1s a set of points that extends forever in two directions.
Two points define a specific line, such as line 4B below.

. . . . —
Using symbols, this is often written as AB .

/




Sometimes, rather than using two points to name a line, lines are

named using a single letter, such as line 7 here.

e

A ray is a part of a line that has a fixed starting point and extends

. . . . ﬁ
forever in the other direction, such as ray EF here (written as EF’).

E

A line segment (or just segment) 1s a part of a line that has two fixed
endpoints, such as segment CD here (often written as CD).

Activity 2 - All around you

Your teacher will put you in a group to do this activity:

1 Work with your group to classify each of the following as an
example of a point, ray, segment or line. Justify your choice.

light shining from a flashlight

the space bar on a computer keyboard )
the letter ‘e’ on a computer keyboard '//
the edge of a picture frame | 2

the horizon g

the equator (or any other line of latitude)

the tip of a needle

2 On your own, find two other examples each of points, rays, segments
and lines that you see around you. Present them one at a time to your
group. The other group members should try to classify each of your
examples.

3 Select the best example of each found by your group and present
them for the rest of the class to try to classify.

.126 4 Geometric constructions
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using letters, the
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point.



Because they extend forever, lines often intersect one another.
However, parallel lines are lines that never meet. Two lines are
said to be parallel if they never intersect each other at any point.
Parallel lines are indicated using the notation g || 4.

Activity 3 - Parallel segments

1 In Composition VI, shown on page 116, there appear to be many
pairs of parallel segments. Find as many pairs of parallel segments
as you can.

2 How can you tell if they are indeed parallel?

3 Describe how the distance between two lines can be used to
determine whether or not they are parallel.

4 Can lines be described as parallel just because they look parallel?
Explain.

5 Research parallel lines and the symbol mathematicians use to
indicate lines that they are parallel.

. Practice 1
1 Draw and label each of the following.
aXY bKL ¢ PO dpointd elinen f BC| FG

2 Name each of the following.

E F
]

\
K
Q \
R
P Continued on next page

w2

A B
—

/9/9/'
N/
/]



3 In the diagram on the right, find and name the 4 “//
following elements. / B

a Srays A /
b 6 points * JA . C

¢ 4 lines < K/ A2 >
d 4 segments E
e 2 sets of parallel lines /r v
f 2 lines, and name each in two different ways

4 Making a two-dimensional
piece of art look three-
dimensional requires giving
it some depth.

Y

a In the painting on the
right, which lines would
be parallel in real life?
How do you know?

b What technique does the
artist use on the parallel
lines to give the work

depth?
Angles
Two rays with a common endpoint form what is called an angle.
Ray 2
| c
B / Ray 1

The rays are the sides or arms of the angle, while the common
endpoint (in this case, B) is called the vertex. An angle is usually
named using three letters, with the vertex in the middle.

For example, this angle could be called ZABC or ZCBA.
Because there can be no confusion with other angles,

this angle could also be called ZB.
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The size of an angle depends on how far apart the rays are from
each other. There are several different units for measuring the
space between the arms. One unit of angle measurement is degrees,
which can be measured with a protractor. A circle 1s defined as
having 360 degrees, so one degree is one 360th of the way around

any circle. 360 degrees can also be written as 360°.

Did you know..?

A circle is defined as having 360 degrees.
One theory suggests that 360 was chosen
because it is close to the number of days

in a year. Ancient astronomers saw that

the sun made its orbit once every year, or
roughly once every 360 days. They believed
that the sun moved one degree every day.

This is how to measure the size of an angle using a protractor.

1 Place the middle of the protractor directly on top
of the angle.

of the vertex

2 Line up one of the sides of the angle with the ‘zero line’ of the

protractor.

3 Use the scale that starts at zero. This could be the inside or

outside scale.

4 Read the degrees at the point where the other side of the angle

crosses the number scale.

AN
\\\\\\\\\\\ \ \ | | / ﬂ/%?////,’l

\ 09010 )

\\\\\\\ 0 3.090 e "y, A
W &R 44010 0 50,
N XN\ [ v %7
NSO / /%%
S R
§,@‘§‘\ - Z —— /A0B=408
g ‘e\‘a\\ o’%/—%
Ses 2
o8 o-B= B




Activity 4 - Classifying angles

Angles can be classified as acute, obtuse, right or straight. Use a protractor to measure
each of these angles and then answer the questions that follow.

Acute angles

/ | A
Right angles

Obtuse angles
A
_‘ | \O/

A

Straight angles

¥ 5

A

1 Based on your measurements, define these terms.
a acute angle ¢ rightangle
b obtuse angle d straightangle

2 Can an angle measure more than 180°? Explain. What are these angles called?

3 Write down the different terms used to classify an angle as its measure increases
from 0 to 180 degrees. Indicate the measurement at which each classification changes.
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Pairs

Reflect and discuss 3

In his painting Portrait of Wilhelm Uhde,
Pablo Picasso painted the author and
art collector using a cubist style.

e In the painting, identify three
examples of acute, obtuse, right
and straight angles.

e How do you think the use of
angles changed the portrait?
What do the angles contribute
to the portrait?

e Do acute angles and obtuse
angles serve different purposes
in the portrait? Explain.

Activity 5 - Walkabout

1 In pairs, look around your classroom, school or school grounds for
at least three examples each of acute, obtuse and right angles in
architecture. Take a photo of each.

2 Share your photos one at a time with another pair of students to see
if they can name the types of angles in your pictures.

3 What types of angles did you see the most? What types did you
see the least?

4 Do different types of angles have different purposes in architecture?
Explain.

Two lines that meet to form a right angle are called perpendicular lines.
In diagrams, a right angle 1s indicated using the square symbol:

Perpendicular lines are indicated using the notation AB 1 MN.




Reflect and discuss 4

e State the measure of the other angles in the diagram here.
Justify your answers. M N

e What is the sum of all the angles at a point? Justify your answer.

e What is the sum of all the angles on a line? Justify your answer? B

If you are drawing a sketch of a right angle, be sure to indicate
it using the appropriate symbol, especially if the angle doesn’t
quite look like 90°. Drawing more precise angles with a
specific measure requires the use of special tools. While you
have already seen how useful they are for measuring angles,
protractors can also be used to draw angles.

Example 1
N
@ Draw an angle of 60°.
A
Draw a horizontal line.
Place the middle of the protractor on
one end of the line. Line up the zero
line of the protractor with your line.
Measure 60°. Mark the spot.
Connect the end of the horizontal line with the
mark you just made.
, 60°
\.
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Practice 2

1 Identify each of these angles as acute, right, obtuse or straight.
Justify your classification.

a b C d
72 23°
90° 120°
e 200 , f g h 1670
112°
g o
b >

2 State the measure of these angles and classify them.
b

P Continued on next page

sy




4 Using a protractor, draw angles with these measurements.
a 37° b 118° c 65° d 95°
e 155° f 90° g 130° h 179°
5 Draw two rays that make an angle of 75°.
6 Draw CD | EF. Indicate the right angles in the diagram with the appropriate symbol.

7 The first smooth-sided pyramid built in Egypt, the Bent Pyramid, has sides that
make an angle of 54° with the ground. However, some archaeologists believe that
the structure may have been too steep to be stable, because the angle was changed
partway through construction. The top section of the pyramid has an angle that is 80%
of the angle of the lower section (rounded to the nearest degree). Use a protractor to
draw a sketch of the front face of the Bent Pyramid.

T T
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8 Emerald Plaza is a group of five office towers
in San Diego, California, that has a geometric
design. The architect designed the slope of
the roofs of the buildings so that their angle
(measured in degrees) is the same as the

latitude of San Diego (33°).
20 cm

A side view of each tower is a trapezoid, like the
one on the right. A scale diagram of one tower has
a width of 4cm and a height of 20cm at its lowest
point. Use a protractor and a ruler to draw a side X
view of the tower. Be sure to mark the 33° angle 4 cm
clearly as well as the height of the longer side.

9 a Draw two line segments that intersect and create an angle of 50°.
b What are the other angles that are created by these two line segments?
¢ How does this demonstrate that the sum of the angles at a point is 360°?

d How does this demonstrate that the sum of the angles on a line is 180°?

Activity 6 - Acting out

1 A strategy that can help you remember information is to use
movement. In pairs, find a way to use your arms and/or hands
to act out the following vocabulary from this unit:

Point Segment Ray

Acute angle Obtuse angle

Parallel lines

Angle Perpendicular lines

2 In small groups, or as a whole class, play a game like ‘Simon Says’
using these movements.

Point Segment Ray

Acute angle Obtuse angle

Parallel lines




Angle relationships

Intersecting lines

Lines that are parallel never intersect each other. However,
two lines that do intersect will form angles. Angles, then, can
be formed by intersecting rays, lines or even line segments.
The angles at the point of intersection of two lines have

properties that you will discover in the next investigation.

Olnvestigation 1 - Angles formed by lines

1 Draw five separate pairs of intersecting lines.

2 Starting anywhere and moving clockwise, label the angles in each pair

a, b, cand d, as in this example.

3 Measure the four angles
in each pair and write
them down in a table
like the one here.

4 What do you notice
about the measures of
the angles? Look for as
many patterns as you can
find, including angles
that have the same

Measure
of Za
(degrees)

Measure
of Zb
(degrees)

Measure
of Zc
(degrees)

Measure
of Zd
(degrees)

measure and angles that have a particular sum.

5 Write what you notice as generalized rules.

6 Verify your rules by drawing two more pairs of intersecting lines and
measuring the angles formed.

7 Research what the angles in each of these cases are called.

8 Write down the names you found and define them. Draw diagrams to

support your definitions.
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could also be
done using
dynamic geometry
software.



Reflect and discuss 5

Explain why certain pairs of angles should add up to 180°.

Is it possible for more than two angles to add up to 180°?
Use a diagram to explain your answer.

How does this investigation support the property that angles at a
point sum to 360°?

Supplementary angles Complementary angles

Two angles that add up to Two angles that add up to 90°
180° are called supplementary are called complementary angles.
angles. One angle is the One angle is the complement
supplement of the other. of the other. In this diagram,
In this diagram, g and b are a 1s the complement of b, and
supplementary angles. b is the complement of a.

< J\Db i \ b

a+b=180° a+b=90°

Example 2

@

A

Find the complement and supplement of a 48° angle by first
writing an equation and then solving it.

a+48°=90° Complementary angles add to 90°. Call the missing angle a.
a+48°-48°=90°-48° Subtract 48° from each side.
a=42°

The complement of 48° is 42°,

b+48°=180° Supplementary angles add to 180°. Call the missing angle b.
b+ 48° -48°=180°-48° Subtract 48° from each side.
b=132°

The supplement of 48° is 132°,




Reflect and discuss 6

e Does every angle have a complement? Explain.

e Does every angle have a supplement? Explain.

. Practice 3

1 In each diagram,

Vertically
a state two pairs of vertically opposite angles opposite angles
b state two pairs of supplementary angles. are formed by

intersecting lines.

A
Y\\ ~
Y

2 In the diagram below, state all of the pairs of vertical angles
and all of the pairs of supplementary angles.

3 Determine the complement and the supplement of each angle,
if it exists. In each case, write an equation and solve it.

a 35° b 11° c 84° d 9° e 52°
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5 For each diagram, write down an equation and solve it to determine the value of x.

a b ()

X

AR™ x

74° o
d e
9 X
X. 48 o
( 68 (x +5)

6 Origami is the art of paper folding and has been used to make a
wide range of animals and objects. The art form follows very
specific rules, one of which is Kawasaki’s theorem which states
that, in order for an origami figure to be able to be laid flat,
the alternate angles around any vertex must sum to 180 degrees.

A
Y

62°

Y

In order to make the bird on the right, paper must be folded
many times. When the paper is unfolded, it produces the crease pattern below.

a Are there any vertical angles in the crease pattern? Explain.

b Based on the diagram below, explain why the alternate angles around
a vertex must add to 180 degrees.

¢ How does Kawasaki’s theorem relate to the property that angles at a point sum to 360°?

d Search online for other flat-origami crease patterns and use a protractor to verify
Kawasaki’s theorem.
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Did you know...?

Flat origami isn’t just an art form. It has also
been used to solve problems, like how to
pack large solar panels for travel on a rocket,
how to flatten an air bag so it can be put
into a car, or even how to insert a heart
stent in a patient. All of these require items
that need to be made smaller until they are
needed. There is an interesting talk available
online about how origami has been used

to solve some of these real-life problems.
You can find it here: https://www.ted.com/
talks/robert_lang_folds_way_new_origami/
transcript

Parallel lines and transversals

Parallel lines never meet, so they don’t form any angles with
each other. However, if a third line, a transversal, intersects them,
angles are formed with interesting properties.

Investigation 2 will help you determine these properties.

O Investigation 2 — Parallel lines and transversals QL€

?
You can perform the following investigation using paper and pencil, Y B
or with dynamic geometry software.

1 Draw two parallel line segments. You can use both edges of a ruler,
existing lines on a piece of paper or any other method. Draw a third
line segment (the transversal) that intersects both the other segments.

2 Using a protractor, measure one of the angles formed by the parallel
line segments and the transversal.

3 Calculate the measures of as many remaining angles as you can.
If you get stuck, measure another angle and then use it to calculate
the ones you do not yet know.

4 Measure those angles that you calculated to verify your results.

P Continued on next page
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5 Which pairs of angles have equal measures? Find as many pairs
as you can. (Hint: There should be three different kinds of pairs.)

6 Verify your results by drawing two more pairs of parallel lines
cut by a transversal and measuring the angles formed.

7 Research the names of the different equivalent pairs.

Reflect and discuss 7

e The different pairs of equivalent angles resemble some letters of the
alphabet. Classify the angle pairs based on the letter of the alphabet
that they make. Refer to the three diagrams below.

e How do the angles in this activity validate the claim that angles at a
point add up to 360°?

/ i
f ]
] /

Activity 7 - Angles

What made cubism so different from other artistic
styles at the time was that it no longer conformed
to the typical rules for art. Cubist artists didn't
feel they needed to make their paintings look like
the ‘real world’; not in shape, color or even space.
Cubist painters redefined reality and suddenly were
able to present several sides of an object all at once.

Juan Gris’ Portrait of Picasso, shown here,
uses angles and line segments in the classic
cubist style.

1 Find 3 pairs of alternate interior angles.
2 Find 3 pairs of corresponding angles.

3 Find 3 pairs of vertically opposite angles.
4

Give an example of how angles and line
segments in the painting allow the
viewer to see different sides of the same
object/person.
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. Practice 4

1 Match each term with the appropriate description.

Alternate interior angles are angles that add up to 180°.
Vertically opposite angles form F-angles.
Complementary angles form X-angles.
Supplementary angles form Z-angles.

Corresponding angles are angles that add up to 90°.

2 In this diagram, name three pairs each of vertical angles, alternate interior
angles and corresponding angles.

P Continued on next page
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3 In this diagram, identify all the angles which are equal in

In question 3,
measure to:

be sure to justify
a/Zc b /4. your answers.

4 Determine the measure of the indicated angles.

SN
e ; N

135° h

e
133° Kk /
A

1L3L5°

V/ - "
- / y X

50° & t z
] 160° s
}/ q

5 For each diagram, write down an equation to determine the value
of x and then solve your equation.

a b C /
o 115°
ﬁ/[izOO 4 +5)
2x > /
/ |
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The Lakota are a tribe of indigenous people that live in the northern plains
of North America. The patterns they use in textiles and beadwork represent
their tribal identity as well as family values. The Lakota Star, pictured here,
is an example of such a pattern.

1 Download and print a copy of the Lakota Star

(not necessarily in colour).

2 On your copy, clearly indicate the geometric elements

listed below. Be sure to name them appropriately and T

indicate any required points on the diagram. Try to use the

same points as often as possible so as to limit the

number of markings on the copy. For the acute and

obtuse angles, use a protractor to find their measure. s

4 points 2 pairs of supplementary angles

4 rays 2 pairs of complementary angles

4 lines 4 pairs of vertically opposite angles

4 line segments 2 pairs of corresponding angles |

4 acute angles 2 pairs of alternate interior angles

} ] = :_.i..'..'

2 pairs of parallel lines 4 right angles 4 obtuse angles

3 Justify your decisions for each of the pairs of angles. Use a

diagram to support your explanations.

Triangles

A triangle is a shape with three angles and three sides. Triangles can
be classified by the lengths of their sides or by the measures of their
angles. In Activity 8, you will discover and define these classifications.




Activity 8 - Classifying triangles

A triangle can be classified as an acute triangle, an obtuse triangle or a
right-angled triangle (also sometimes called a right triangle). Look at
the triangles below and answer the questions that follow.

Acute Obtuse Right-angled
B
80°
) C a
45° 515°
A p G
) N
64°
60°
= 250 450
110° 30°
45° 71°
] %7
5 130° 43
40°
45°
P
G
70°  70° 20° .

a an acute triangle b an obtuse triangle ¢ a right-angled
triangle

25 25°

1 How would you define each of the following?
2 Canatriangle be two of those classifications at the same time? Explain.

Reflect and discuss 8
Mosaics can be created using small tiles or pieces of glass. This same idea can also be used in print
art, like the flower in the diagram below.

e Where do you see the following elements?
o acute triangles
o obtuse triangles
o right-angled triangles

e What assumptions did you make in finding
these elements?

e What effect is produced by having these kinds
of different triangles next to each other? Explain.
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Regardless of how a triangle is classified, it shares certain
properties with every triangle. You will investigate one of
these properties in the next investigation.

O Investigation 3 - Interior angles of a triangle o{\‘e%

You can perform the following investigation using paper and pencil or with B C
dynamic geometry software. )
For example, go to mathsisfun.com/geometry/protractor-using.html, and scroll

*> down to ‘Have a Go Yourself’

1 Using a ruler, draw six different triangles. Use the angles listed in the table
below for the first three triangles. Draw the other three triangles as you wish.

2 Use a protractor to measure the unknown angle(s) in each triangle. Write down
your measurements in a table like the one below.

Triangle 1stangle 2nd angle 3rd angle
1 40° 80°
2 90° 60°
3 50° 70°
4
5
6

3 What pattern do you see related to the measures of the angles in each triangle?
4 Draw a few other triangles and test your theory for other cases.
5 Write down what you found as a general rule.

ATL1 6 Cut out one of the triangles and fold the angles inward so that the vertices all
touch each other but don’t overlap. What does that show?

7 Cutout another triangle and rip off the corners. Explain how you could
demonstrate your rule with these corners.

Reflect and discuss 9

e Can aright-angled triangle also be an obtuse triangle? Explain.

e An exterior angle of a triangle is an A
angle outside of the triangle, as
shown here. How does the measure Exterior
of this angle relate to the measures of A
the two interior angles (A and B) that .
are not next to it? B ¢ D

e How does the sum of the angles inside a triangle relate to the sum
of the angles inside a rectangle? Explain.




The sum of the angles inside any triangle (often referred to as
the interior angles) 1s always 180°. Knowing this allows you to

calculate the measures of unknown angles.

Example 3
@6 Determine the measure of the unknown angles.
A
80° 138°
B c D

@) BcA+ 2DCA=180°

ZBCA +138°=180°
ZBCA +138°-138°=180°—-138°
ZBCA=42°

ZBAC+ ZACB+ ZCBA=180°
ZBAC +42°+80°=180°
ZBAC+122°=180°
ZBAC+122°—-122°=180° - 122°
ZBAC=58°

Angles on a line add up to 180°.

ZDCA=138°.

The sum of the interior angles of a triangle is 180°.
If you know the measures of two of the angles of a
triangle, you can calculate the measure of the third.

J

. Practice 5

1 Art can be created using geometric designs, such as

the horse head design here.

a Find examples of acute, obtuse and right triangles %

in the image.

b What effect do the triangles give to the piece? (/ ﬁ

¢ Some of these shapes aren’t really triangles. .

Do these shapes have interior angles that add /

up to 180°7 Explain.
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2 Calculate the measure of each missing angle and justify your
answer with a reason.

64° \\

75°

/
C
d

68°

50° 70°

41°

8 137°

132°
1299

h

144° \\\

P Continued on next page
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3 Determine the measure of the indicated angles.

75° 50°

40°
60°
J
44°
n o p
80°
q
650 S m 57° 64°

40°

S,
t

u
1M

P Continued on next page
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4 In this diagram, show how you can use the relationship between
the measure of angles Zc, Zd and Ze to prove that the interior
angles of a triangle sum to 180°.

Y

/A

‘ 5 Apart from Mathematics and Art, describe subject areas where you
have had to work with angles or triangles. How has knowledge in
one subject or discipline impacted what you have learned or been
able to do in another subject?

mx\ _' T iii:EéE! ﬂ E

= L

Musuem of Modern Art, Bonn, Germany




Unit summary

A point 1s a location and is represented as a dot.

A line 1s a set of points that extends forever in two directions.

. . . . . H
Two points define a specific line, such as line 4B (often written as AB).
Lines can also be named using a single letter, such as line .

A ‘K

A ray 1s a part of a line that has a fixed starting point and extends
o
forever in the other direction, such as ray EF (often written as EF’).

m

A line segment (or segment) 1s a part of a line that has two fixed
endpoints, such as segment CD here (often written as CD).

\

D

A right angle 1s an angle that measures exactly 90°.

N

An acute angle measures less than 90°.

An obtuse angle measures more than 90 degrees.

A straight angle measures 180°. i,

A
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Supplementary angles

Two angles that add up to
180° are called supplementary
angles. One angle is the
supplement of the other.

In this diagram, g and b are
supplementary angles.

A

Y

Complementary angles

Two angles that add up to 90°
are called complementary angles.
One angle is the complement
of the other. In this diagram,

a is the complement of b, and

b is the complement of a.

a

\b

a+b=90°

Intersecting lines form two
pairs of vertically opposite angles.
These angles (also called
vertical angles) have equal
measures and form an X.

Angles at a point add up
to 360°. In this diagram,
LG+ £LH+ £1=360°.

Parallel lines cut by a
transversal create pairs
of angles that have equal
measures.

Corresponding angles make an F
(for example, £4 and £8).

Alternate interior angles form
a Z (for example, £3 and £6).

The sum of the interior angles of a triangle is always 180°.
Parallel lines are indicated using the notation g || 4.
Perpendicular lines are indicated using the notation AB 1 MN .




xer;
. - S
Unit review A

Key to Unit review question levels:

1 Draw an example for each of the following.
aEF bXY cRS dpointT eADLIM f TVIYZ

2 Write down expressions for each diagram, using mathematical notation.
4

L
\

LY
<

/
d Q
P
. Using a protractor, measure and classify each angle.
b A

N
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. Using a protractor, draw the following angles.
a 152° b 68° c 34° d 119° e 90° f 14°

. Find the complement and supplement of each angle in
question 4, if it exists.

0 For each diagram, write down an equation and solve it to
determine the value of x.

a b
(x — 32)
126°

C d e
‘ N
2X
1 \ R =

. Show that the two acute angles in a right-angled triangle
must be complementary.

0 Find the measures of the indicated angles. Justify your answers.

a b
X
y
75°
25°
30°
X
y
40°

320
C d
v
36°
q
P




. For each diagram, write down an equation and solve it to determine the value of x.

a 4 A b
750
46° ox
3 11x -2
140°
k j 90°
m
309
600 550
C
t
60° 7

160° p

108°
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26° g p

m 38° q

11 In Science class, during a study of mirrors, Svetlana noticed
that the diagrams showing how light reflects off of a curved
mirror used many of the same elements that she found in her
Mathematics class.

a Looking at the diagram here,

In part f, notice
that the two
angles marked
G are equal, as
are the two side
lengths marked
with ticks.

identify as many elements from

/

this unit as you can. These can > Y
include basic elements like rays > ‘\[L::Q}\
and lines as well as all the types of > \ “:;Jr
angle that you have seen so far. > ——— e

Y

b How does mathematics help you .

understand what is represented in ' 2

the image?




Xer,
. O o
Summative assessment ¢ C °

You have seen in this unit how mathematics can
be used to analyze and even create artistic works.
From cubism to origami to architecture, geometry
can be both functional and beautiful. Your task is
to create your own work of art that includes the
elements that you have seen throughout the unit.

You may create a painting, drawing, sculpture,
mosaic or any other piece of art. You will

have a ‘draft’, ‘sketch’ or ‘blueprint’ that will
demonstrate the required mathematics, as well
a ‘final product’, which will be the art piece, a
scale model or a full-color image (for example a
painting or mosaic).
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The following elements must be clearly indicated in your

draft and listed on a separate sheet of paper, including proper
mathematical notation and names. These elements must also be
visible in your final product, but without the labels.

2 rays
2 segments

2 lines (not including the ones
that are parallel)

2 sets of parallel lines
2 acute angles (not including
the ones in the triangles)

2 obtuse angles (not including
the ones in the triangles)

2 right angles (not including
the ones in the triangles)

2 clear examples of
supplementary angles

2 clear examples of more than
two angles on a line that add
to 180°

2 clear examples of
complementary angles

2 right-angled triangles
2 acute triangles
2 obtuse triangles

the measures of all of the
angles in the above triangles,
clearly showing the sum within
each triangle

You must give your final product a title and write a brief
description of what the artwork represents. Within the
description, you must explain how at least three of the geometric
elements relate to what is being represented in the artwork.




In this unit the study of fractions will help you to better
understand daily interactions with our fellow human beings.
Dividing things- be they blocks of land of or grains of wheat -
using fractions is a great way to demonstrate similarities and
differences. You could use fractions to better understand issues
of fairness and sustainability.

‘W Falrness and deyeloPrrlenj;
AR e

L BARAT T SRS N
Al ®

Sharing finite resources with other people and
with other living things

In the year 1750, the global population was
approximately 800 million people. It is currently
over 7.4 billion. How many of those people live
in Asia? How many in Europe? How much of the
planet does Asia occupy?

An understanding of fractions can help us to
analyze and describe the global population that
lives in each continent. We can then look at
how human population growth has affected the
environment and the population of other living
things. Do we share the planet we call “home”
equitably?

At the same time, humans use far more natural
resources than any other living things. How we
use our resources and how fairly that is done is
easily expressed and analyzed with fractions.
Determining whether we all have access

to our fair share of the planet’s resources

is an application of fractions well worth
investigating.




& Globalization and sustainability

Urban planning, strategy and infrastructure

You may not have thought about it, but how was the city in
which you live constructed? Does it follow a clear pattern?

Some cities are radial cities where everything seems to converge
at one point. Fractions can be used to plan the city and its
infrastructure and then to analyze each section, ensuring that
the city does not become too crowded.

Other cities have been built using a strategy that looks more like
a grid. As with radial cities, fractions can be an invaluable tool

to help plan and build these communities, but they can also be
used to analyze trends and issues within the grid. For example,
by what fraction have temperatures increased due to the urban
heat island effect?

| . ek .

o N

e



Fractions

Human connections

KEY CONCEPT: LOGIC o =

Related concepts: Quantity and Simplification

Global context

In this unit you will use fractions to explore the global context of
identities and relationships. Humans engage in many different
activities which allow us to connect with one another, within families,
communities and cultures. Learning how to represent fractions and
perform operations with them will help you uncover some of these
activities, including social media, music and even food!

Statement of Inquiry

Using logic to simplify and manipulate quantities can
help us explore human connections within families,
communities and cultures.

Objectives Inquiry questions
» Representing and comparing fractions in What does it mean to simplify?
different forms

What is the process for adding,
o Simplifying different forms of fractions subtracting, multiplying, and

o Using the four number operations (addition, v eling TR e

subtraction, multiplication and division) with

R How is l_oglc used to manipulate
quantities?
o Applying mathematical strategies to solve
problems involving fractions 0 What promotes human connections?
What hinders human connections?



NUMBER

Communication skills

Critical thinking skills

Draw reasonable conclusions Give and receive meaningful feedback
and generalizations

You should already know how to:

express a fraction as a decimal change a mixed number to an improper
express a basic fraction in its simplest fraction

terms change a fraction to a decimal and a
change an improper fraction to a mixed percentage

number

For practice with estimating fractions and decimals graphically,
go to brainpop.com and search for ‘Battleship Numberline'.




Introducing fractions

Family trees are used to represent many generations
within a family and to trace relatives as far back

as possible. Family trees can help you discover
historical figures in your family history or even the
cultural background that is a part of your heritage.

In recent years, it has become possible for people to
try to trace their ethnic ancestry using something as
simple as a saliva sample. The DNA in the saliva is
analyzed and the genetic ethnicity is predicted.

The results can lead to new family connections or
improve research so you can add more branches to your family tree.

A typical ancestry report might look like this.

Country Approximate amount
1
Algeria —
9 20
1
Morocco —
100
1
Benin X
25
7
Cameroon S
100
7
Spain —
P 50
Portugal l
g 4
Ital o
y 25
England 1
9 5

Reflect and discuss 1
e What do the fractions in the table mean? What does each
numerator and denominator mean in this report?
e What would you expect the fractions to add up to? Explain.
e How could you tell which country has the highest amount? Explain.

e How could this kind of information lead to more human
connections in a family?
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Representing and comparing fractions
Representing fractions

A fraction represents a part of a whole. It can be represented
using a wide range of objects. For example, the fraction 1
can be represented by each of these pictorial representations.

The fraction " can also be represented by this whole group of

representations. Can you see how?

OO0

The way the fraction is represented depends on what ‘the whole’ is.

Activity 1 — Tangram fractions

You will need a tangram set to complete this activity. If you do not
have one, your teacher will provide you with a paper set to cut out.

Working with a tangram set, answer the following questions.

1 What fraction of each shape is (c), the smallest triangle?

Triangl d
Show your working. Include diagrams if they are helpful. rangles c) and (e)

are both the same
Number of (c) triangles | What fraction of size, so step 1 could

that would fit inside this shape is (c)? also be answered in
terms of triangle (e).

Shape

Largest triangle (f) or (g)

Medium triangle (a)

Parallelogram (d)

Square (b)

¥ Continued on next page
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2 What fraction of triangle (f) is each smaller shape listed '. Triangles (f) and

in the table below? Show your working. () are both the
: : same size, so step
Sh Fraction of t | '
ap.e ' LRI G 2 could also be
Medium triangle (a) answered in terms
Parallelogram (d) of triangle (g).
Square (b) i

3 What fraction of the whole tangram set is represented
by each color? Show your working.

4 Which different shapes have the same area? Hold on to the
Explain how you know this. tangram pieces,

as you will be

doing more with

them during this
With a partner, look at each other’s answers to step 5. Take turns unit.

giving feedback by first asking questions to clarify anything that
isn’t quite clear. Then, give at least one positive comment.
Follow that with a suggestion for improvement, if appropriate.

5 Show two examples of how different colored pieces can be
added together to equal the area of a different colored piece.

ATL2

Ee .
=)}

Try the Sushi Fractions activity on the Mr Nussbaum
website at mrnussbaum.com/sushi-fractions. Divide
the sushi between tuna, avocado and shrimp to
match the fractions you are given.

Activity 2 — Money diagram

1 Create a visual representation showing how 1 base currency unitin
your country (for example: 1 US dollar or 1 euro coin) can be broken
down into all of the smaller currency denominations.
You can be creative with how you set up the visual,
as long as you include the face value of the coins
and notes, and what fraction of the base unit they
represent.

P 2 Witha partner, look at each other’s work from step 1.

Take turns giving feedback by first asking questions to clarify anything
a that isn’t quite clear. Then, give at least one positive comment.
Pairs

Follow that with a suggestion for improvement, if appropriate.

.166 5 Fractions
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3 Do the actual sizes of the coins and notes reflect the fraction
represented by their monetary values? Explain by giving specific
examples.

4 Select two other currencies from around the world and repeat
step 1 with each currency. What are the similarities and the
differences to your home currency?

5 Determine five different ways you could pay someone 1 base unit
of your currency.

Comparing fractions

We can compare fractions to find out which fraction represents
more of the whole.

Reflect and discuss 2

e Explain what the numerator and denominator represent in a fraction.
e Explain two different methods you could use to compare the

fracti = —
ractions T and 20

e Explain what happens to the value of a fraction if the denominator
stays the same and the numerator increases.

e Explain what happens to the value of a fraction if the numerator
stays the same and the denominator increases.

It is easiest to compare fractions that are out of the same whole.

.. 5 11
For example, it is easy to tell that It < 3 because the

denominators are the same, and 5 is less than 11.

When comparing fractions that are not out of the same whole,
one method is to convert the fractions so that they have the
same denominator.

Example 1
) 4 7
@ Compare the fractions 5 and 3 using either < or >.
f=4><8=2 The LCM of 5 and 8 is 40.
5 5x8 40 Make each fraction out of 40.
7 _7x5_35
8 8x5 40

7 . 4 35 . 32
Therefore, g ~ 5 since 29~ 40-

\
Ly




Sometimes, you will be able to compare fractions by using other
fractions as benchmarks. If you can compare them to the same
fraction, then you may be able to compare them to each other.

Example 2
@ Compare the fractions % and ;—; using either > or <. 1
[y 6.1 >.1 ) oy
12 2 12 2 ompare both fractions to >
10 1 1M1 1
20 22072

Therefore, i < ﬂ
12

20

. Practice 1

1 At the beginning of every New Year, Noé’s family has a tradition where they gather
around the kitchen table with a bowl full of grapes. Along with his mother, father
and sister, each family member makes 12 wishes and eats one grape per wish.

They take turns, making a wish and eating a grape each round, until they have
completed 12 rounds.

a How many grapes will be eaten in all?
Show your working.

b At what point will half of the grapes be eaten?
Justify your answer.

1
¢ At what point will 5 of the grapes be eaten?
Justify your answer.

: 0 9
d At what point will 6 of the grapes be eaten?
Justify your answer.

e After seven rounds, what fraction of the grapes have
been eaten? Find your answer in two different ways.

f When only two grapes are left, what fraction of the
grapes have been eaten? Justify your answer.

g Discuss any rituals that your family has to celebrate or anticipate the New Year.
How do these traditions develop connections between family members?
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NUMBER

2 Compare each pair of fractions using > or <. Explain your reasoning.
5 8 b 12 5 3 21 d 5 2 32 I

%9 25’9 €750 24’5 © 202
3 According to a recent study, i of the people surveyed use
their phones primarily to communicate with others using
social networks, since they prefer to socialize onlme more than
in person. Of the same group of people surveyed use their
phones primarily for sending texts, and __ use them primarily for
making and receiving calls. -

a Order the modes of socializing
(social networks, texting, calling)
from lowest to highest.

b Despite so many people having
smartphones, global voice usage
declined for the first time ever
in 2013. Why do you think this
happened? What effect will
it have on human connections?
Explain.

¢ Many people say that, ironically,
smartphones are eliminating the need
for people to speak to each other.
What do you think of this theory? Explain.

4 Arrange the fractions — Sl b i from least to greatest.

11’ 40’ 4’ 5 9 33
Show all of your working.

5 You can also convert fractions into decimal form to compare them.
Using the symbols < or >, compare these fractions after representing
them in decimal form.

a2 5 371 (895 423 85
3° 7 5 12 10 6 7 8 13 8
f46 G510 12 36 ;107
9 13 11 19 4 9 4 7 135 1

6 Which is easier to use when comparing numbers: decimal form or
fractional form? Justify your choice.

» Continued on next page




7 Chinese Lunar New Year celebrates family, health and prosperity.
It is the holiday which involves the most travel in the world, as it
1s the time when whole families come together.

: 1 :
a Approximately P of the world’s population celebrates the

Chinese New Year in many countries around the world. How
many people is this?

b Chinese New Year, also known as Spring Festival,
is celebrated over 15 days. What fraction of the calendar
year is the duration of this festival?

¢ The Chinese zodiac follows a 12-year cycle, with
each year represented by one of the 12 animals from
the Chinese zodiac. Your birth year corresponds to
one of these 12 animals. If average life expectancy is
approximately 80 years, approximately what fraction
of a person’s lifetime will be spent in the years of their
Chinese zodiac sign?

Many of China’s people work in big cities and travel
back to their home town for Spring Festival. For some
people, it is the only time in the year when they will visit
their families. The modes of transportation taken by
these people break down as follows:

g o % 2
60 200 50 6
by rail by boat by airplane by road

d Rank the modes of transportation from most to least popular.

e If there were approximately 3 billion trips altogether, how
many trips were taken by each mode of transportation?

8 Look back at the ancestry report on page 154 of this unit.
a What is ‘the whole’ in these fractions?

b How is it possible that the denominators are all different if they
relate to the same whole?

¢ Order the countries from lowest to highest by finding a
common denominator.

d Order the countries from lowest to highest by first converting
them to percentages.

Research the

current world
population to
answer part a.




9 Go to nrich.maths.org and
search for the ‘Chocolate’
activity. Work with a partner on

this challenge. Try to record your
working in a systematic way

so you can keep track of your
ideas and compare the different

methods that you try.

Activity 3 - Fraction card game

This is a game for two to four players. Use cards Ace—9 from a standard
deck of playing cards, with the Aces counting as ones. Six cards are
dealt face up and placed so that all players can see them at the same
time. The object is for each person to use two of the cards to make a
fraction that is as close as possible to one half.

Your teacher will set the time limit for a round. The person whose
fraction is closest to one half (and who can explain why) wins that
round, and then the next round begins. If two or more students
identify the same fraction, or ones that are equally close to one half,
thenitis a tie.

You can also play a variation where every player is also dealt their own
card, which they keep to themselves until they reveal their fraction.

Operations with fractions

As with whole numbers, fractions can be added, subtracted,
multiplied and divided. In this section you will discover the
process for performing each of these.

Multiplying fractions

In the following investigation, you will determine an algorithm
for multiplying fractions.

NUMBER

"“If the chocolate on the table I sit at is to be shared out equally when I
sit down, which would be the best table to sit at?"

algorithm: a process
or set of rules to be
followed




O Investigation 1 — Multiplying fractions o‘\te"&

You will use a visual method of multiplying fractions to help you determine B c
the algorithm. You will start with the example given and then create five more )
multiplication questions of your own.

1 3
Example: Multiply 7 by =
1 Draw a rectangle on a plain piece of paper.

2 Draw lines to divide the rectangle into 3 Shade one column using a

1
4 equal columns. Make sure they are of highlighter. This represents the fraction —.
equal width. 4
4 Now divide the rectangle into 5 Shade three rows using a highlighter of a
5 equal rows. different color. The cells shaded with this

.3
second color represent the fraction =

6 State the fraction of the whole rectangle that is highlighted with both colors.

. .. 3
In this case, it is —.
20

7 Create a table like this one. Add five more rows for steps 8 to 10.

. . Number of cells shaded | Total number | Product of the
Fraction | Fraction . .
with both colors of cells two fractions
1 3 3
= hd 3 20 —
4 5 20

8 Create five more examples by drawing five new rectangles and
choosing your own proper simplified fractions to multiply.

9 Record the information in your table.

10 What patterns do you see? Be sure to look at the numerator and
denominator in each original fraction and their relationship to the
numerator and denominator in the product.

N1t 11 Write down the algorithm for multiplying fractions.

12 Verify your algorithm using two more examples.

.1?2 5 Fractions
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N 2. 13 Go to pbslearningmedia.org and search for ‘Area Models for
Multiplication of Fractions’. Use the area model there to verify your
algorithm for three more cases, changing the fractions to whatever
you want.

171 14 With a partner, look at each other’s algorithms. Take turns giving
feedback by first asking questions to clarify anything in the work
% that isn’t quite clear. Then, give at least one positive comment.

Pairs Follow that with a suggestion for improvement, if appropriate.

Reflect and discuss 3

e Why does this algorithm work? Explain.
e What is the benefit of finding an algorithm? Explain.

e Isit easier to understand how this algorithm works by looking
at a visual form or a numeric form? Explain your choice.

In the method that you discovered in Investigation 1, you

multiplied the numerators together, multiplied the denominators

together, and then reduced or simplified the answer.

There is another method, in which you do the reducing/simplifying
at the beginning and then multiply the numerators together and the

denominators together. Both methods are shown in Example 3.

Example 3

@ Multiply% X % by: a multiplying first b simplifying first.

NUMBER

A K E X E = E Multiply first. Remember, multiply across.
5 11 55
20+5
= —55 L5 Simplify last. Both numerator and denominator can be divided by 5.
. )
1
2
b z « E _ 3 > E Simplify first. One of the numerators and one of
5 11 15/ 11 the denominators can be divided by the same factor, 5.
2 2 4
== X — = —
T 11 1N

s



Reflect and discuss 4

e In Example 3, what number was used to simplify the fractions
in each method? What does this say about simplification when
multiplying fractions?

e How do you know when you can simplify first?
e What is the advantage of simplifying first?

e What would you need to do with mixed numbers before
multiplying them? Explain.

. Practice 2

1 What multiplication is being represented in each diagram?
Write down the question and the simplified answer.

b
X = .

2 Multiply these fractions first, then simplify your answers.

1 7 4 15 7 6
a —x-— b =x— C —x—
49 5 16 11 42
dzfxé eslxé fslxl
5 8 3 8 3 4

P Continued on next page
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NUMBER

3 Simplify these fractions first, then multiply.

aéxi bix& Céxi
9 10 4 27 V)
dixi eixi fgxg
15 14 11 16 9 16
4 Multiply these fractions using the method of your choice.
a5 b 4,2 ¢ 1,6
10 6 9 32 3 7
d5 4 e 4,3 2.9
8 15 12 B 3 14

5 According to a survey at the time of writing, approximately i—;

of American teenagers own a cell phone.

1 .
a Of'these teenagers, — of them use messaging apps.
What fraction of American teenagers does this represent?

b Of the teenage cell phone owners, % of them hardly ever use

their phone to make or receive calls.
What fraction of American teens does this represent?

s
¢ Of the teenage cell phone owners, - of them say they use one
or more social network sites.
What fraction of American teens does this represent?

d How has the use of social network sites and messaging apps affected
connections among American teens?
Explain your answer.

Did you know...??

In the United States and in the Philippines, they
are called cell phones. The name comes from the
cell-like structure of the networks in which they
operate. In Italy they are called telefoninos, which
means ‘little phones’. In the United Kingdom,
India, New Zealand, and other countries they are
referred to as mobiles. In Germany they say das
Handy, and in Indonesia you will hear people

say ‘ha-pay’ which is how to pronounce hp, the
abbreviation for hand phone.




Dividing fractions

Dividing fractions can be explained using several different models.

O Investigation 2 - Dividing whole numbers by fractions QX
o5 ¢ 1 Go to the Grade 6 section of Mathgames.com and click on ‘Divide by Fractions Y B °
with Models’ in the Division section.

2 Use the visual models to help you solve each question. Record your answers to

all the questions in a table like the one below.

For example, if the question is 2 + % =4 the first row shows how to enter the

numbers.
Dividend Divisor Quotient
1
2 3 4
\"""‘—'x._____,_._._
'--——"_/_-_-/_

3 What patterns do you see? Be sure to look at individual numbers within Also try your
the fractions and their relationship to the numbers in the solution. hand at the Light

4 In your own words, explain this relationship.

41 5 Determine the algorithm for dividing whole numbers by fractions. at nrich.maths.
6 Verify your algorithm using two more examples.

\jl-2 7 With a partner, look at each other’s algorithm. Take turns giving

feedback by first asking questions to clarify anything that isn't quite

- clear. Then, give at least one positive comment. Follow that with a = >
suggestion for improvement, if appropriate.

Pairs

Light Blue - Dark Blue

Stage: 2 « »

Investigate the successive areas of light blue,

What fraction of the total ares of the square does the ares of light blue take up

in sach case?

Can you work out what the next two diagrams would look like?

Blue - Dark Blue
investigation

org/2105. Itis

an investigation
involving fractions
and patterns.

The process in Investigation 2 seems to work when dividing
whole numbers by fractions. Will this algorithm work when
dividing one fraction by another?

When you first learned to divide, you often asked yourself the
question, ‘How many times does some number go into some

other number?’
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NUMBER

For example, 21 + 7 meant: ‘How many times does 7 go into 217’
The answer is of course 3.

In the investigation, you were determining how many times a

. 1 . . . :
fraction, say 3 8Os into 4. In Investigation 3 you will follow this
same process where both numbers are fractions, using fraction

bars to help you.
O Investigation 3 - Dividing fractions by fractions \Lerig
¢ 2
ATL1 Use fraction bars to find the answer to each question. Make a table like the B
one below and fill in the rows using these fraction divisions:

T .1 21 11 5 1 11 5 1 4 3

4 8 3 6 2 4 6 12 2 6 12 6 5 10

Division In words Pictorial representatlon Answer
(Fraction bar)
1
11 How many times 2 1 1 5
2 6 doesl gointol? 1 1 1 2 6
6 2 6 6 6
_,_/—/—_—/_\u
,‘__/-,_/-_

1 Does the algorithm you found in Investigation 2 work here?
Explain using two more examples.

2 When does the use of fraction bars for dividing fractions become difficult? Explain.

[Vinoalmanipulatives @) - E ® ‘Q} ‘C} @ b
You can experiment

[ | with the Virtual
= e Manipulatives at:

‘ E )
] - abcya.comfraction_
3 ; ] 3 percent_decimal_tiles.
htm
- =/

>



-
[
&

‘.
.SJ}‘

When asked to divide two fractions, invert the second fraction
(the dividend) and multiply the first fraction (the divisor) by it.
This is called multiplying by the reciprocal.

Reflect and discuss 5

e Explain why it is important to have an algorithm to divide fractions
and not just rely on fraction bars or diagrams.

e What would you do if you were asked to perform a division that
involved one or more mixed numbers?

e Does the algorithm you've discovered work for divisions like 12 + 37
Explain.

Activity 4 - Another way of looking at it

In pairs, tackle each of the following statements and questions.
Be sure to explain your responses clearly before moving on to the
next question.

1 ‘The easiest number to divide by is 1. Explain.

2 3
2 What fraction can you multiply E by to obtain 1? How about Z?
What about E? Research what the fraction that has this property is
called in mathematics.

2 5
3 Instead of seeing two fractions being divided as = +g, think of it
2

more like this: %

6
What number would you need to multiply the denominator by to

make the denominator equal to 1?

4 Remember, when you multiply the denominator by a number,
you must also multiply the numerator by the same number:

2 6
_X_
35

5 6
_X_
BN h

What does that give you? How does that relate to the process you
discovered in Investigations 2 and 3?

5 Explain in your own words why multiplying by the reciprocal of the
divisor accomplishes the same thing as dividing two fractions.



Example 4

@ Divide and simplify if possible: ¢ % 12 ane you have
£ 9 inverted the
2 12 2 ¥ fraction
A g o ~ = E X P Invert the dividend (the second fraction) and multiply. and it is set up like
a multiplication
= 1 o Simplify whenever possible, unless instructed otherwise. que%tlon,you may
5 6 find it easier
7 to simplify
30 first before
\ multiplying.

. Practice 3

1 Find the reciprocal of each fraction.

a g b E C E
9 5 21
1 4
3 e 4 f T
2 Solve these fraction division problems. Be sure your answers are simplified.
3.9 b 24,9 L
11 22 5 20 4 16
d-l.14 e 7 1/ fel+0t
12 5 10 8 12

3 Explain in words the difference between finding 5 x L and finding 5 + 1
2 2
Calculate both answers and compare.

4 Athletic events have always drawn humans together, whether set on the
world stage, like the Olympics, or locally, like a little league hockey match.
Cheering for the same team, country or individual can promote a sense of
community and belonging that increases human connections.

In 2016, at one of the early rounds in Olympic soccer, only % of the seats

were occupied. Of that number, % were cheering for the visiting team.

a What fraction of the seats were occupied by people cheering for
the visiting team?

b What fraction of the seats were occupied by people cheering for
the home team?

¢ Tickets for half of the unoccupied seats were given away at halftime.

What fraction of the total number of seats does this represent?
» Continued on next page



5 Students are voting for their school president, which has produced a
lot of interactions among students and candidates. In order to win,
a candidate must receive at least two-thirds of the votes in each of grades 4 to 6.
If there are 30 students in grade 4, 24 students in grade 5, and 21 students
in grade 6, what is the minimum number of votes the winning candidate
needs from each grade?

6 Scandinavian Midsummer is a celebration of the longest day of the year.
In Finland, families go to their favorite lake and build a bonfire on
the shore. They light the bonfire at midnight and then dance beside it.
In Sweden, people often consume a ‘Midsommer’ cake.

a Suppose % cup of flour is used
in each ‘Midsommer’ cake and
the bakery used 8% cups of flour

yesterday. How many cakes did the
bakery make?

b If % cup of sugar is used in each
cake, how many cakes can be made

with 5% cups of sugar?

¢ A baker had % of a tin of corn
Spilh It s, i i Sl
What fraction of the tin was used?

7 A survey shows that an estimated £ of all teenagers own a smartphone.
Of those teens, % said they have had a dispute with a friend via text.

a What fraction of all teens have had a dispute with a friend via text?

b What are some issues with having a dispute via text that are not
issues when having the same discussion face-to-face?
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Peppermint bark is a minty chocolate treat that
has become very popular in some countries,
where it is made and served at Christmas

time. When families get together, or when

you visit another family around this holiday,
peppermint bark is often given as a gift.

It consists of peppermint candy pieces with layers
of white and milk or dark chocolate. Sometimes
peppermint essence and cream are added for
texture and flavor.

Suppose you want to make peppermint bark to give to your family
and friends.

1 Decide on the number of people you will be making the bark for
(must be more than 10 people).

2 You will have to determine how to cut the bark so that you will know
how many people each batch will provide for.

One batch of the peppermint bark measures 24 cm by 30 cm.

e You want all the pieces to be equally-sized triangles for the best
possible presentation.

e The triangles can be whatever size you wish, but each gift portion
should be at least 50 cm?.

e Draw a rectangle layout of how you will cut the bark.
e (alculate the dimensions and area of a single triangular piece.

e Determine the number of pieces in each gift and calculate the total
area of bark in each gift.

e Determine how many batches you will need to make.

3 Once you have determined the number of batches you will need for all
your friends and family, calculate the ingredient totals you will need,
using a copy of the table below.

Imperial Number Ingredients
Ingredient measurement of needed for all of
for one batch batches your batches
3
White chocolate 12 cup
Hard peppermint 1
. —cup
candies or candy canes 2
7
Dark chocolate 3 cup

. 3 . _
Peppermint extract Z teaspoon » Continued on next page




4 You typically buy chocolate in ounces (0z.) or grams, instead of cups.
Research how to convert between these units and convert the total
number of cups you need into ounces or grams.

5 A half cup of peppermint candies is approximately 6 candy canes or
30 hard peppermint candies. How many of each would you have to buy?

6 With a partner, look at each other’s work for this formative task. Take turns
giving feedback by first asking questions to clarify anything that isn’t
quite clear. Then, give at least one positive comment. Follow that with a
suggestion for improvement, if appropriate.

Adding and subtracting fractions

Activity 5 - Tea time

Drinking tea has become customary in many parts of the world.

In Turkey, offering and drinking tea with someone is regarded as a sign
of friendship, and tea is often consumed during business transactions.
Tea gardens in Turkey are places for social gatherings, full of music,
games, and lively conversation.

In Japan, the tea ceremony (‘Cha-no-yu’), has been practiced for
centuries as a way to nourish the body, mind and soul with invited
guests. Japanese tea gardens are peaceful, calm places where these
ceremonies are performed.

In England, where ‘tea time’ or ‘afternoon tea’ is a regular event,
the goal is for people to take a break, eat a small snack and spend
time with friends and family. With each of these traditions, the tea
is served in very different types of cups, as seen here.

ﬁ.“qﬁ

'I“‘._l“‘__ﬁ:___ “_ /k\‘

B o

Japanese tea bowl English tea cup Turkish tea glass

1 What do you notice about the shapes of these drinking vessels?
2 Which one do you think holds the most tea? Explain your reasoning.

3 Edwin invites his friends and family over for his own version of a
tea ceremony where he has blended elements from a variety of
ceremonies. Edwin brews several different kinds of tea and uses
3 Japanese tea bowls, 6 English tea cups and 6 Turkish tea glasses.
Is it fair to say that, during the ceremony, he and his friends and

family drink 15 cups of tea? Explain.
 Continued on next page



In reality, two Turkish tea glasses fill one English tea cup; three of them
fill a Japanese tea bowl.

4 How many English tea cups will fill a Japanese bowl?
Show your work.

5 Show that the liquid from one Japanese tea bowl would fill exactly
one English tea cup and one Turkish glass.

6 If the tea that Edwin and his friends drank was measured in Turkish
glasses, how many did they drink? Show your working.

7 If the tea that Edwin and his friends drank was measured in English
cups, how many did they drink? Show your working.

8 If the tea that Edwin and his friends drank was measured in
Japanese bowls, how many did they drink? Show your working.

Similar to the drinking vessels that were all different sizes,
fractions can be added and subtracted only if they are out

of the same whole. When fractions have common denominators,
their numerators can be added together to find out what part
of the whole the total represents.

O Investigation 4 — Adding fractions
Adding fractions can also be demonstrated with an area model.

1 Copy this table and add four more rows to it.

. Area model Area model
seldion of addition of answer ST
1.2 N 1,2_3
5 5 5 5 5
In the four additional rows, enter these fraction additions.
2 4 2 3 1 5 5 1
-+ — —+ — — + = -+ —
7 7 10 10 8 8 6 6

Fill in the rest of the table, and simplify your answers where appropriate.

2 What makes it possible to add the fractions in the table? Explain.

NUMBER

For the people in
Western Sahara,
offering tea

to someone is
considered a sign
of generosity,
something not to
be refused. The
guest will often
drink three cups
in one sitting,
each one having
its own taste and
symbolism.

‘\t e,' 3
O‘ '@

B,C

» Continued on next page



3 When the denominators are not the same, the area models can be
adjusted so that they are.

Copy this table and add four more rows to it.

Fill in the rest of the table, and simplify your answers where appropriate.

4 What enabled you to add the fractions in the table?
155 5 Write down the algorithm for adding any two fractions.

6 Verify your algorithm for two more examples.

Reflect and discuss 6

e What do you think the algorithm will be for subtracting fractions? Explain.

1 3
e How do you think you will add mixed numbers, such as 1—+3-=?

Addition Area model of addition Adjusted area model Summary
1 3 4 9
gt sy S
1T 3 3 4 12 12
372 i N 13 1
3 4 =— or 1—
12 12
In the four additional rows, enter these fraction additions.
1 1 1 1 3 3
—+= -+ = —+- —+=
5 2 6 3 5 4

Go to visualfractions.com and select ‘Unlike
Fractions ‘from the ADD menu. Use your
algorithm to complete the additions. Then
select the ‘Strict’ option from the ADD menu to
try adding some mixed numbers. You can then
explore the ‘Easy’ and ‘Strict’ options from the
SUBTRACT menu.

~ATRICT STANT  WERGET || EamAm
commEn ¥
w1

swohe 100 PERCENT

‘examgie or press ihe START busion i
rea o

Farad wedand wecond addend  Sum bs correct!

Er T
ll ‘?9

*

Prese the NEW EXAMFLE Sutton Tor seit

P
OO0
TEESS®

When adding or subtracting fractions, first rewrite them so that they
have the same denominator. These fractions are equivalent to the
original ones and they are said to now have a common denominator.
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NUMBER

Example 5
N
@6 a Add: 2 4+ 2
5
b Subtract: 2.1
3 4
0 5 2 25 12 . : .
W g i g Rewrite using a common denominator.
6 5 30 30
2012 2
30 30
sl Your teacher will tell you if you should express your answer as a mixed
" 30 number or if you can leave it as an improper faction in lowest terms.
2 1 8 3
b 5 - z - E - E Rewrite using a common denominator.
_8-3_5
12 12

Activity 6 - Revisiting the tangram
1 What fraction of the whole does each piece of the tangram represent?
2 Using the tangram you have kept from earlier in this unit, create
four pictures that use the following fractions of the whole area.
a 2 b 7 4 2 d 15
8 8 16 16

3 Draw each picture, showing the breakdown of how the pieces fit
together. Write down the fraction addition of the pieces.

4 Now create your own picture using some of the pieces. Draw the
picture, showing the breakdown of how the pieces fit together.
Write down the fraction addition of the pieces.

Reflect and discuss 7

"\i * Explain whyyou cannot simply add numerators and denominators
. . . 1,1
when adding fractions. For example, explain why > +5 cannot be

equal toE
-

e Explain how the algorithms for adding/subtracting fractions are
different than the one for multiplying fractions.

s



Activity 7 - Fraction card game

In groups of three, you will have two players and a judge. From a
standard deck of playing cards, discard the picture cards, leaving

the cards one (Ace) to ten. The judge deals four cards, face up, for
both players to see. The players have 30 seconds to come up with an
addition of two fractions using the four numbers. The player whose
sum is closest to 1 is the winner. Once a player has submitted their
fraction addition, the second player cannot submit the same fractions,
but will have another 30 seconds to try to come up with a

The judge can
have a calculator
on hand to verify
answers.

better combination. The judge will verify the winner. Play I& *I
the best of three rounds and then rotate jobs so that each 40
student plays two games and is judge once. o &
When you are the judge, look at one player’s answer and * * * *
. . . . L 1
give constructive feedback by first asking questions to \
clarify anything that isn’t quite clear. Then, give at least "
one positive comment followed by a suggestion for 3 ¢ ¢ %
improvement, if appropriate. Repeat for the other player. ¢ . &
*%e
AL

. Practice 4

1 With each operation, simplify your answer and write as a mixed number if appropriate.

E_g bé+g E_i di.*.ﬂ
77 7 7 2 12 14 14
e 21_6 S5 _2 3.5 h4_ 3
25 25 11 11 9112 5 8
11 1 2

i E i l_g__ kz__ IE L
520 10 30 9 2 8 3
3 2 3 2 .3 1 .2
S = A= (2 Sty e g fr
m8 7 n 13 023+14 p32 2S

2 Newspaper companies get some revenue from
the selling price of the newspaper, but they
make much more money from advertising.
As of a Thursday, sales reps at a major newspaper
had sold the following advertising space for the
Sunday paper: 3 full pages, 3 half-pages,
5 quarter-pages, and 7 eighth-pages. If 7 full pages
have been reserved for advertisements in the
Sunday paper, how much space is still available
to be sold?

» Continued on next page



NUMBER

1
3 Omar eats 5 of a pizza. His friends Tatiana, Maya and Sophie are

going to share what is left. If they share it evenly, what fraction of |
the whole pizza will each girl get?

4 In a study of university students and their use of technology,
students were observed as they walked to the cafeteria.

The observations showed:

7 . . . . .

° T of the students were alone, but either texting or using their phone (but not talking)
1 . . . .

° 3 were alone and involved in a conversation on their phone
3 . .

° 7 were with other people and using no technology whatsoever

o % were alone and using no technology.

The rest of the students were all observed
using technology with other people present.

a Determine the fraction of the observed
students who were using technology with
other people present.

b Determine the fraction of those observed
who were using no technology whatsoever.

¢ Determine the fraction of those observed
who were using some form of technology
while interacting with others (either in person or on the phone).

d Do you think these results demonstrate that technology helps face-to-face
communication? Explain.

5 Following a snowstorm, the three Abendroth brothers decide to do a good deed and
shovel all the driveways on their street. Paul shovels % of the driveways, Max shovels
% of the driveways and Arthur shovels the rest. What fraction of the driveways does
Arthur shovel?

6 If a third of a cup of water fills one quarter of a container, what fraction of a container
will one cup fill? Draw a diagram to represent this problem. Can you determine two
different ways to solve this problem using two different operations?

¥ Continued on next page



7 Look again at the ancestry report on page 154.
a What is the sum of all of the amounts? Explain why this makes sense.
b What fraction of the total amount comes from African countries?
¢ What fraction of the total amount comes from European countries?

8 Three-quarters of teenagers use Facebook to communicate with their
friends. One half of all teens use Snapchat, while two-fifths use Instagram.

a Explain why the sum of these fractions is more than 1.

b How has technology helped teens create and maintain relationships?
How did people create and maintain relationships before cell phones
and the internet?

9 Diwali (or Dipawali) is the Hindu festival of lights
(though it 1s celebrated by people of many different
faiths), where families decorate their house with lights
and prepare a feast to share with their loved ones. It’s a
four-day celebration that involves cleaning the house,
buying new clothes, giving gifts to family members, and
other family activities.

When celebrating the Diwali festival, Devika used -:1-,; of

the clay lamps to make a path to the front door, and she
made a star-like figure with % of them. What fraction

were left to decorate a table at the entrance to her house?

Multiple operations

To perform operations with several fractions you can use the
same algorithms that you developed for just two fractions:

e addition and subtraction require a common denominator

e multiplication involves multiplying across (numerators with
numerators, denominators with denominators)

e division requires multiplying by the reciprocal of the divisor.



NUMBER

Activity 8 — Music and math

Music has long been an activity that brings humans together.
Celebrations of love, victory, culture, and beliefs all seem to

involve music. There is even research indicating that music

increases the production of a chemical in the brain associated

with increased bonding and trust among people! Human connections
seem to be enhanced by the very presence of music.

1 Music consists of many patterns and is based on set mathematical
principles. Notes in music are divided into fractions and organized
into a measure that consists of 4 beats. If a whole note lasts the
duration of a measure, which is 4 beats, determine the number of
beats in each of the following notes. Record your answers in a copy

of the table.
Note Fraction Number of beats
O Whole 4
Half
@,
Quarter
@
\ Eighth
&
§ Sixteenth
o

2 If we place a dot after a musical note (e.g. J,) this lengthens the
note’s duration by one half of its usual length. Based on this idea,
copy the table below and enter the symbol and the number of
beats for each note duration.

Note Fraction Number of beats

Three-quarters
Three-eighths
Three-sixteenths

3 Create a song or rhythm 6 measures long that consists of different
combinations of the notes above. Use each note at least once and
try to use more than two notes in each measure.

P Continued on next page
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4 Write down the score of music, clearly using fractions to show how
each measure adds up to 1 whole.

5 Try playing the rhythm of your song by drumming on the table or
clapping. Your teacher may ask for demonstrations if any of you
would like to share your music with the class!

A
]

"§ Go to philtulga.com/pie.html and try the Playing J J
Fraction Pies activity, which demonstrates the .
connection between fractions and musical

notes. Choose combinations of fractions that )j
add up to 1 and see them converted to measures = of
music. You can then click to hear your rhythms J Js j ﬁ J
5 An 3%
Example 6
~
@ Perform the following operations.
2 1 1 6 3 24
a—-+—+-— b—-+—-+=—
3 4 8 7 8 35
N a _2, + 1 + l The LCM of 3, 4 and 8 is 24. Write equivalent fractions
3 4 8 using this LCM this as the common denominator.
6, 6,3
24 24 24
_25 o]
24 24
6 3 24 . . -
b —+ =+ 22 Remember to multiply by the reciprocal of each divisor.
7 8 35
_ 9 % § % E Simplify first. It's easier!
7 3 24
2 1 5
1,7( 1_,3/ 324
2 1 5
==X-X=
1T 1 3
10
_10_51
3 3
\ y,

-190 5 Fractions



@ Calculate: 2 +
4

A

Activity 9 — Domino challenge

In groups of three, you will have two players and a judge. Start
with a set of dominoes on the table, facing down. The judge flips
over three dominoes and tells the players which number is the
numerator and which is the denominator on each domino, and
what operation (addition, subtraction, multiplication or division)
the players will be performing on the three fractions. Before
starting the round, the judge will determine the correct answer
either by hand or on a calculator. The first player with the correct
answer wins the round.

Play the best of five rounds (using each operation at least once)
and then you will rotate jobs so that each student plays two
games and is judge once.

When you are the judge, look at one player’'s answer and give

NUMBER
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constructive feedback by first asking questions to clarify anything that
isn't quite clear. Then, give at least one positive comment followed by a
suggestion for improvement, if appropriate. Repeat for the other player.

When different operations are involved, remember to follow the

agreed order of operations (BIDMAS):
e Brackets

For both Division/Multiplication,

e [ndices and Addition/Subtraction, you do

e Division/Multiplication
o Addition/Subtraction.

Example 7

whichever operation comes first,
when reading from left to right.
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2 5
Do the division first. Multiply 5 by the reciprocal of =

Simplify the fraction.

Add, using a common denominator.

Change to a mixed number.




. Practice 5

1 Perform the indicated operations. Simplify where applicable.

a

10

o
S22

3

7

3
o —
4

5 8 10
b S w12
4 2 1
% 15 &
hol_13_2
510
3 8 1
__I____
KS+57%

2 15
—_— R == X
5 28
5 8
f9'27
i§+9£+
4 5
[ 4,8
9 21

21

10

In some parts of the
world, the memory
aid for the order of
operations is called
BEDMAS, with

the E standing for
‘exponents’ instead
of ‘indices’. In other
places, it is called
PEDMAS (P for
‘parentheses’) or
even GEDMAS (G for
‘grouping symbols’.)

2 The following are measures from a typical song sung during Diwali.

Use fractions (refer back to Activity 8) to show that the following

measure sums to one whole note (four beats).

3 In Bruck’s family tree, two-thirds of his family are from Europe.

N

if’\,

In each of the following measures is a new symbol which represents a rest.
A rest 1s a pause in the sound and for every musical note symbol there is a
matching rest symbol of the same duration. If each measure sums to one
whole note (four beats), find the duration of each of the rest symbols.

h] 3 [\’ ¢
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Three-fourths of those are from England. Of the people from

England, two-thirds were born in Leeds. What fraction of Bruck’s

family tree represents family members born in Leeds?

4 Which of the following are equivalent to % + % X Ly Explain your reasoning.




Unit summary

e A fraction is a part of a whole.

The numerator is the top number of a
fraction. It represents the number of
parts of the whole that are included.

The denominator is the bottom number
in a fraction. It shows how many equal
parts the whole 1s divided into.

A mixed fraction is made up of a whole number and a fraction,

such as 31 or 7~2—.
4 3

In an improper fraction, the numerator is bigger than the

denominator, such as 